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Chapter 1 
Introduction 


Strategic alliances have become a popular form of cooperation between orga- 
nizations in the last decades. They emerged in passenger airline industry as a 
consequence of the increased competition following the deregulation. The entrance 
of low-cost carriers to the market posed a challenge for the big airline compa- 
nies, which could not efficiently serve the markets especially with low demand 
intensity. In order to feed their networks and increase the capacity utilization of 
the aircrafts, major airlines have started to cooperate with regional carriers (see 
Shumsky 2006). 

In a passenger airline alliance, airlines offer flights by combining their individual 
networks. As a result, different from the traditional single airline approach, in an 
alliance, partner airlines may sell tickets for flights consisting of several flight legs 
operated by different airlines. A major problem that needs to be addressed is how to 
share the revenue obtained through selling a flight ticket among the airlines. 

In this thesis, we focus on the development of fair revenue sharing mechanisms 
for strategic passenger airline alliances. Fair allocation of the revenue is critical for 
the long-term stability of the alliance. Although being in an alliance has various 
benefits, airlines may leave the cooperation if they realize that it is not better 
than operating alone or with other partners. Previous studies considering passenger 
airline alliances (see Sect. 3.2.3) usually assume given revenue allocation schemes 
and examine how they affect the total alliance revenue. The fairness issue, on the 
other hand, and the design of these revenue sharing schemes are not well addressed. 

There are several contributions of this thesis. Initially, we assume a centralized 
decision making system for passenger airline alliances and formulate the revenue 
sharing problem as a cooperative game. We develop fair revenue shares based on 
the nucleolus, which is a solution concept of cooperative game theory introduced by 
Schmeidler (1969). The resulting revenue allocations are fair in the sense that they 
ensure the stability of the alliance. Moreover, it is demonstrated that the revenue 
shares can be computed even for real-size alliance networks. 

Then, we relax the centralized decision making assumption and consider alliance 
settings, where each airline has a selfish behavior and tries to maximize its own 
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2 1 Introduction 


revenue. In the absence of a centralized control policy, the nucleolus-based revenue 
shares are usually not attainable. However, there is no study on quantifying the 
fairness of the revenue shares arising from a mechanism applied in a selfish setting. 
We propose a tool to determine how fair the revenue allocations arising from a 
selfish mechanism for the alliance partners are. The tool includes a simulation 
model for the booking process of the alliance and uses the nucleolus-based revenue 
allocations as a benchmark. Furthermore, fairness of several selfish revenue sharing 
mechanisms is compared to each other and against a random approach using the 
proposed tool. 

Finally, we develop a new revenue sharing mechanism to be applied in a 
selfish decision making setting. A numerical study is performed, which compares 
the performance of the mechanism to the other schemes already existing in the 
literature. 

The organization of this thesis is as follows: Chap.2 introduces the theory of 
revenue management and the capacity control approaches developed for single- 
leg and network revenue management problems in the airline industry. Chapter 3 
presents a survey of research considering strategic passenger airline alliances. A part 
of it includes studies dealing with the revenue sharing problem faced by strategic 
alliances in other industries. In Chap.4, we present the concepts of cooperative 
game theory that are necessary to understand and follow the approaches proposed in 
this study. In Chap. 5, we model the problem as a cooperative game and investigate 
its properties. It is shown that the core of the game is non-empty such that the 
nucleolus always provides an allocation ensuring the stability of the alliances. In 
Chap. 6, we motivate the use of the nucleolus in this study and present an efficient 
algorithm to compute nucleolus-based revenue shares for strategic passenger airline 
alliances. The performance of the algorithm is investigated through a numerical 
study conducted on randomly generated networks. To include the uncertainty in 
airline demand, a randomized approach is proposed, which is tested through a 
simulation study. Chapter 7 presents the tool developed for assessing the fairness 
of selfish revenue sharing mechanisms. It contains a numerical study, where several 
selfish revenue sharing mechanisms are compared using the proposed tool. In 
Chap. 8, we propose a new revenue sharing mechanism to be applied in a selfish 
decision making setting. The mechanism utilizes the dual prices, which are obtained 
from the decision models of the individual airlines. Finally, we will summarize our 
study in Chap. 9 with some remarks on possible future research directions. 
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Chapter 2 
Selected Topics in Revenue Management 


This chapter introduces the theoretical basis of revenue management drawn upon in 
this study. It starts with a brief review on the historical development of revenue 
management, which is useful to understand the core ideas of the concept (see 
Sect. 2.2). Afterwards, the common characteristic of the industries having successful 
revenue management applications are discussed. Finally, a large part of this chapter 
is devoted to the capacity control approaches developed for single-leg and network 
revenue management problems faced by the airline industry. 


2.1 Origins of Revenue Management 


Revenue management (also called yield management) is a concept which emerged 
following the deregulation of the U.S. airline industry in the late 1970s. Prior to 
the deregulation, the services of the U.S. airline industry were regulated by the 
Civil Aeronautics Board (CAB). The fares of the airline products and the entrance 
into the new markets were under the strict control of the CAB. For example, a 
new airline was not allowed to enter the market or the existing airlines could not 
enter each others’ networks, if it would harm the financial interests of an existing 
carrier (see Kole and Lehn 1999). With the intention of increasing the competition in 
the market, Congress passed the Airline Deregulation Act in 1978, which removed 
the governmental control over fares, routes and market entry. The deregulation has 
allowed the airlines to freely set the prices for their products and design their routes. 
Its further effects can be read in Morrison and Winston (1986), Bailey (1986) and 
U.S. GAO (1996). 

A major consequence of the deregulation is the entrance of new low-cost airlines 
into the market, which were concentrated on simpler services with low operating 
costs (see Talluri and van Ryzin 2004b, Sect. 1.2.1). Hence, in comparison to the 
major airlines existing in the market, the low-cost carriers were able to charge 
lower fares for their products and better utilize the flight capacity. Phillips (2005), 
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Sect.6.1, states that People Express was one of the first low-cost airlines that 
entered the market. The substantial growth of People Express due to the low-cost 
strategy has posed a challenge for American Airlines, which was a major carrier 
in the market. To compete against the new successful entrant, American Airlines 
started to offer low fares, which stipulated some conditions like advance purchase 
requirements or a minimum length of stay. With this strategy, American Airlines was 
able to segment the market between leisure and business travelers and profit from 
the fact that these two segments have different willingness-to-pay. By offering low- 
fare tickets to leisure travelers, American Airlines was able to catch more customers 
while avoiding any loss in the revenue coming from the less price-sensitive business 
travelers having a higher willingness-to-pay. 

Market segmentation is defined as “the process of subdividing a market into 
distinct subsets of customers that behave in the same way or have similar needs” 
(e.g., Zhang 2011). It is a key element in successful revenue management prac- 
tices. Cleophas et al. (2011) present principles used for market segmentation in 
different industries. Zhang (2011) summarizes these in three categories: purchase 
pattern, product characteristics and customer characteristics. In the airline industry, 
customers are usually differentiated according to their time of purchase. The leisure 
customers tend to book further in advance of the booking horizon, whereas business 
travelers usually reserve later. Additionally, the product characteristics are varied 
to achieve segmentation. For instance, people who are obliged to change their 
schedules more frequently may not always be certain about their journeys. In such 
a case, passengers with a higher willingness-to-pay would prefer to purchase the 
ticket at a higher price for a refund opportunity allowing to cancel the reservation 
without any penalty. In the terminology of revenue management, such restrictions 
and conditions put on the products are described as fences whose function is to limit 
switching of the customers between different market segments (see Hanks et al. 
1992; Kimes et al. 1998). For instance, by putting refund penalties or a minimum 
length of stay condition on low-fare tickets, airlines try to avoid that a customer who 
is ready to pay more prefers to buy the lower-fare ticket. 

As it is given in Smith et al. (1992), through the implementation of a successful 
revenue management system, American Airlines has generated an estimated benefit 
of 1.4 billion dollars over a 3-year period starting 1988. Talluri and van Ryzin 
(2004b), p. 10, note that, pursuing revenue management strategies, airlines can 
create additional revenue constituting 4—5 % of their overall revenue. 

The above mentioned advances at American Airlines establish the origin of the 
revenue management, which later attracted the attention of the other airlines all 
over the world as well as of other industries. According to Chiang et al. (2007) and 
Kimms and Klein (2005), beside the airline industry, revenue management policies 
are primarily practiced by hotel (see e.g., Bitran and Mondschein 1995; Bitran and 
Gilbert 1996; Badinelli 2000; Vinod 2004) and rental car (see e.g., Carroll and 
Grimes 1995; Geraghty and Johnson 1997; Steinhardt and Gonsch 2009) industries. 
Following these two, several other industries have adopted revenue management 
strategies including: railway (see e.g., Ciancimino et al. 1999), air cargo (see e.g., 
Kasilingam 1996; Amaruchkul 2007), manufacturing, (see e.g., Spengler et al. 2007; 
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Volling et al. 2012), media and broadcasting (see Kimms and Miiller-Bungart 2007) 
and entertainment (see e.g., Drake 2008). The characteristics of these sectors that 
are relevant to revenue management are discussed in Talluri and van Ryzin (2004b), 
Chap. 10, and Cleophas et al. (2011). Additionally, Kimms and Klein (2005) 
provide mathematical models to solve revenue management problems encountered 
in several industries. Apart from the referred studies, the survey of Chiang et al. 
(2007) contains a detailed list of the industries practicing revenue management with 
relevant publications. Furthermore, Graf (2011) reviews the research on revenue 
management in the sectors, where strategic alliances are observed. However, there 
is no study considering the revenue management problem within alliances existing 
in any of these sectors except from airlines. 


2.2 Revenue Management Core Ideas 


Being familiar with the idea of increasing revenues through market segmentation, in 
this section, we define revenue management and introduce approaches developed for 
implementing it. As stated by Kimms and Klein (2005), there exist many definitions 
of revenue management in the literature, which are usually differentiated according 
to the area of application or the approach used. Kimms and Klein (2005) give 
some of these definitions and discuss their strengths and limitations in revealing 
the revenue management strategies of an industry. One more general definition of 
revenue management is given in Kimes (2000) as: 


Yield management is the application of information systems and pricing strategies to 
allocate the right capacity to the right customer at the right place at the right time. 


In line with the above definition, airlines offer a flight to different customer 
segments at different prices. Each of the defined prices is referred to as a specific 
fare class of the flight. Talluri and van Ryzin (2004b), Sect. 1.6.1, differentiate 
between two approaches through which revenue management is realized: quantity- 
based and price-based. The former refers to the capacity control policies, whereas 
the latter includes the dynamic pricing strategies and auctions. In capacity control, 
the management of the capacity is the instrument used for maximizing the revenue. 
It is based on the principle of offering multiple products having different prices 
at the same time and changing the availability of the products for sale through 
capacity allocation decisions. In dynamic pricing, on the other hand, the price of 
the products is the control variable. Usually, a single product is offered and the 
price of it is modified during the selling horizon to control the demand and thereby 
the usage of the capacity. Auctions are regarded as a tool used for dynamic price 
changes and the literature on auctions within the context of revenue management is 
rare. We refer to Chiang et al. (2007) for several references and discuss briefly the 
relation between dynamic pricing and capacity control. In fact, these two approaches 
cannot be separated with clear boundaries and should be considered jointly (see 
e.g., Chiang et al. 2007). However, Talluri and van Ryzin (2004b), p. 176, specify 
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some general characteristics of the market making the use of one approach more 
advantageous than another. Accordingly, dynamic pricing is preferred, if it is more 
flexible to adjust the prices, whereas capacity control is adopted in industries, 
where changing the supply is more flexible. However, there exist sectors enjoying 
the characteristics suitable for both of the approaches (see Miiller-Bungart 2006). 
Considering the airline industry, for example, major airline companies usually 
commit prices in advance of the booking horizon, which limits the use of prices as a 
revenue management tool. Besides, the seats (belonging to the same cabin) reserved 
for different products are homogeneous in terms of the service quality such that they 
can easily be reallocated between different customer segments or flights. Therefore, 
most of the airlines use a capacity control policy. There are, however, some low- 
cost carriers using a dynamic pricing strategy (see Talluri and van Ryzin 2004b). In 
capacity control applications, airlines offer different products with predetermined 
prices and decide which products to make available for sale during the booking 
horizon in order to maximize the revenue. A product is closed to sale, if it is not 
profitable to allocate any seat capacity for it, in which case the customers who are 
willing to pay for that product are not allowed to buy tickets. On the other hand, 
Elmaghraby and Keskinocak (2003) highlight the growing interest for dynamic 
pricing applications in the retail industry. Due to the developments in facilitating 
price adjustments, the industry, concerned with seasonal products, practices revenue 
management through discounts and promotions that are typical forms of dynamic 
pricing (see also Talluri and van Ryzin 2004b). 

This study handles the revenue sharing problem of passenger airline alliances, 
where capacity control instruments are used to maximize the revenue. Therefore, we 
do not discuss the dynamic pricing models. Extensive literature on these is provided 
in Bitran and Caldentey (2003) and Elmaghraby and Keskinocak (2003). 

The main challenge of capacity control policies carried out by the airline industry 
is to determine the number of seats to be allocated to each product/segment 
dynamically during the reservation horizon so as to maximize the expected revenue. 
However, due to the characteristics of the industry like uncertainty in the demand 
behavior or diversity in the arrival patterns of various customer segments (see 
Sect. 2.3), obtaining an optimal dynamic control policy is not easy. On one hand, 
allocating seats to lower-valued products would improve the revenues by increasing 
the capacity utilization of the aircraft, but at the same time, potential higher-valued 
customers, who usually arrive later in the booking horizon, may be lost due to the 
lack of seats. The problem gets even more complicated, if additionally the network 
effects (Sect. 2.4.2) are considered. The revenue management problem faced by the 
airline industry is referred in the literature through several similar terms such as: seat 
allocation (see e.g., Curry 1990; Brumelle and McGill 1993; Lee and Hersh 1993), 
seat inventory control (see e.g., Belobaba 1989; Williamson 1992) and passenger- 
mix (see e.g., Glover et al. 1982) problem. In this study, we will use the term seat 
allocation and present several capacity control instruments developed for airlines. 
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2.3 Characteristics of Revenue Management Problems 


Efficient implementation of revenue management instruments requires the fulfill- 
ment of some conditions. In other words, the industries, where revenue management 
can successfully be applied, share certain characteristics in common. Kimes (1989a) 
defines these characteristics as: relatively fixed capacity, ability to segment markets, 
perishable inventory, product sold in advance, fluctuating demand and low marginal 
sales costs/high marginal capacity change costs. They are also included in several 
subsequent works, e.g., Weatherford and Bodily (1992) and Talluri and van Ryzin 
(2004b), Sect. 1.3.3. Extensive discussions on the described features took place 
in Weatherford and Bodily (1992) and especially in Kimms and Klein (2005), 
who provide a refined classification covering some other relevant features. In the 
following parts of this section we present the characteristics classified by Kimms 
and Klein (2005) that create an appropriate environment for revenue management 
applications. 


2.3.1 Integration of the External Factors 


One of the most appealing characteristics of the sectors implementing revenue 
management is that the products/services cannot be stored to satisfy the demand 
from the stock. For this reason, the products/services are sold in advance of the 
production to integrate the external factor into the process. Miiller-Bungart (2006) 
states that these external factors are usually the customers themselves or any 
information or physical goods supplied by the customers. Airline companies, for 
example, offer the products a long time before the departure. Since the seats on a 
flight cannot be stored, they are sold to the passengers prior to the departure time, 
which can be considered as the start of the production. The resulting drawback 
for the airlines is that they have to cope with some uncertainty, since they do 
not know beforehand the demand which arrives during the booking horizon. This 
stays in close relation to the property of heterogeneous customer behavior, which is 
presented next (see also Kimms and Klein 2005). 

Generally, the integration of the external factor is identified with the service 
industries (see, e.g., Kimes 1989a; Fitzsimmons and Fitzsimmons 2006, Chap. 2). 
However, Miiller-Bungart (2006) argues that it is also required in make-to-order 
manufacturing, since the information related to the customer order is needed to start 
the production. Underlining this common characteristic between the two industries, 
he emphasizes that revenue management is not restricted to the service sector. In 
their study, Kimms and Miiller-Bungart (2003) provide a comparison of the revenue 
management applications in service and make-to-order manufacturing industries. 
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2.3.2 Heterogeneous Customer Behavior 


An important characteristic inherent in successful revenue management applications 
is that the customers have different willingness-to-pay for the products. In such an 
environment, it is possible to segment the market into different types of customers 
and use price discrimination. In the passenger airline industry, the customers are 
differentiated as price sensitive and time sensitive, who generally have different 
times of purchase (see Weatherford and Bodily 1992). The time-sensitive business 
travelers usually make their reservations late in the booking horizon, whereas the 
more price-sensitive leisure travelers prefer to have less flexibility for a smaller price 
and book much earlier. 

Making use of market segmentation, airlines offer discount-fare tickets with an 
attempt to catch more leisure travelers and in this way to increase the utilization of 
the capacity. The discount-fare tickets usually impose some restrictions like advance 
purchase requirements, cancellation fees, minimum length of stay requirements, 
etc. By imposing these restrictions, the business travelers, who would like to 
have flexibility, are prevented from buying the products for lower prices see (see 
Miiller-Bungart 2006). According to Kimms and Klein (2005), by decreasing 
the price, the demand for a product can be increased and likewise, by setting 
higher prices, the demand can be directed to another product having more idle 
capacity. Heterogeneous customer behavior is essential for revenue management, 
since otherwise there would not arise the problem of accepting or rejecting an 
arriving request with an expectation to earn more revenue in the future. Instead, 
the arriving requests would be accepted with a first-come-first-served policy until 
there would not exist any capacity or demand (see Miiller-Bungart 2006). 

Another property related to the customer heterogeneity is the stochastic behavior 
of the demand, which is considered as a distinct characteristic in the work of 
Kimes (1989a). In the industries implementing revenue management policies, the 
demand for the products/services is usually uncertain and show variations over 
time. The uncertainty is inherent both in the total demand arriving and in the 
distribution of this demand over the booking horizon. Kimms and Klein (2005) 
point out that the stochastic behavior of the demand is not a necessary condition 
for implementing revenue management, but it has a great influence on the applied 
revenue management policy. Since the demands are unknown, forecasts about the 
demand for each product are required to develop a capacity control mechanism, 
which maximizes the expected revenue. 


2.3.3. Restricted Operational Flexibility of Capacity 


Revenue management is concerned with the efficient allocation of the available 
resources to the demand. Therefore, a major characteristics common to the firms or 
industries implementing revenue management techniques is the limited flexibility 
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of the capacity. This concept comprises the two features given by Kimes (1989a): 
relatively fixed capacity and perishable inventory. In fact, both of these features 
are related to the potential use of the resources to satisfy the incoming demand. 
According to Kimes (1989a), the capacity is relatively fixed, because the amount of 
the resources cannot be changed to satisfy the incoming demand. Weatherford and 
Bodily (1992) and Kimms and Klein (2005) discuss this definition by examining 
the sectors, which are well known to apply revenue management instruments. 
According to Kimms and Klein (2005), airlines can respond to the demand by using 
aircrafts with different capacities (see Kimms and Klein 2005). However, making 
short-term capacity adjustments is generally very costly. For example, to satisfy 
a little excess demand, an aircraft with 100 seats has to be included as resource, 
which is economically not reasonable. Therefore, capacity adjustments are long- 
term decisions that are made considering the long-term state of the operations 
(see Miiller-Bungart 2006). In the industries practicing revenue management, the 
capacity cannot be adjusted in the short-term, because it is impossible due to some 
technical reasons or does not payoff due to the high adjustment costs and long 
adjustments times (see Miiller-Bungart 2006). 

Another key feature of the resources associated to the limited operational 
flexibility is that the capacity cannot be used to satisfy future demand. As it is 
mentioned above, this characteristic is remarked as the perishability of the inventory 
in the literature (see Kimes 1989a). Nahmias (2011) defines perishable items as 
products that have an expiration date at which their utility goes to zero. In other 
words, the good cannot be stored and therefore provides no gain if it is not used up 
to its time limit. Considering the airlines, an unsold seat on an aircraft has no value 
after the departure, since it cannot be used to fulfill the demand for a further flight. 
Underlining this distinguishing feature, some publications refer to revenue or yield 
management as Perishable-Asset Revenue Management (PARM) (see Weatherford 
and Bodily 1992). 


2.3.4 Standardized Products 


A standardized product range includes products or services offered for a long 
time with given, well defined characteristics. In the airline industry, a product 
refers to a flight between an origin-destination (OD) pair with a specific fare 
class. At the time when the products are announced, information about the arrival, 
departure times, price and purchasing conditions is provided (see Miiller-Bungart 
2006). According to Kimms and Klein (2005), the revenue management approaches 
price differentiation and capacity control rely on the standardized product range. 
In the presence of uncertain demand, in order to develop an efficient control 
policy, one needs information about the future demand for each product, which 
is only obtainable when the products are standardized and offered for a long 
time. Furthermore, the behavior of the demand and the related parameters like 
the expected demand, can only be correctly predicted when the products are well 
defined with fixed attributes (see Kimms and Klein 2005). 
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In the next sections, where the capacity control approaches are presented, the role 
of the standardized product range in modeling and solving revenue management 
problems become more apparent. 


2.4 Capacity Control Approaches for Airline Revenue 
Management Problems 


The research on the capacity control approaches of the airlines includes models and 
algorithms to determine the seat allocations for each product in order to maximize 
the expected revenue obtained at the end of the reservation horizon and subsequently 
translate them into effective booking control policies. Primarily, there are two major 
types of policies proposed for capacity control: booking limit control policy and 
the bid-price control policy. We present the use of these policies both for single- 
resource and network capacity control problems. However, it is worth noting that 
this study deals with airline alliance networks and for this reason concentrates more 
on network capacity control approaches. 

The modeling approaches developed for single-resource and network capacity 
control problems have been classified into static and dynamic models in the 
literature. Static models assume that the lower-fare customers arrive before the 
higher fare class customers. In other words, the passengers belonging to different 
fare classes arrive in non-overlapping intervals. This behavior of the passengers is 
often called as low-before-high arrival pattern. Dynamic models, on the other hand, 
do not require this assumption and allow an arbitrary order of customer arrivals (see 
Talluri and van Ryzin 2004b, Sects. 2.2 and 2.5). 

In the following sections, we examine the capacity control approaches to be 
applied in single-leg and network problems. We give models to find the values for 
the used control variables and describe how they are transformed into booking limit 
and bid-price control policies. 

Within the context of passenger airlines, single-resource capacity control 
describes the control of the capacity of a single flight leg. Therefore, it is applicable 
to the capacity control problems arising in single-leg flights and is also used to 
provide approximate solutions for network problems where the control of each 
flight leg in the network is made separately (see Talluri and van Ryzin 2004b, 
Sect. 2.1). Since we consider in this study the capacity control problem faced by 
passenger airlines, we refer to single-resource capacity control also as single-leg 
problems. 


2.4.1 Single-Leg Capacity Control 


Single-leg capacity control approaches generally deal with the problem of allocating 
the capacity of a single flight consisting of only one flight leg to different fare classes 
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so as to maximize the expected revenue. Hence, a product is defined as a specific fare 
class of the flight. Therefore, we use in this section the terms product and fare class 
interchangeably. Later, in Sect. 2.4.2, we will consider network problems, where 
there are multiple flights each having several fare classes. As noted by Talluri and 
van Ryzin (2004b), Sect. 2.1, in practice, the capacity control problems for flights 
using multiple resources may also be solved by dividing them into several single-leg 
problems. 


2.4.1.1 Booking Limit Control Policy 


In order to implement a booking limit control policy, booking limits have to be 
determined, which restrict the number of seats that can be sold to a specific 
product. There exist two ways for using booking limits in capacity control policies: 
partitioned or nested. The distinction between them will be clarified in the following 
parts of this section. 


Partitioned Booking Limits 


In the partitioned booking limit policy, the total capacity of the flight is divided 
into separate blocks, where each block defines the capacity allocated to a specific 
product or fare class. Therefore, a partitioned booking limit of a product refers to 
the maximum number of seats that can be sold solely to that product. At this point 
it is worth to define the protection level of a product, which describes the number of 
seats to be reserved for a particular class or classes. Consider a single-leg flight 
having a capacity of C, which is allocated to different fare classes denoted by 
k = 1,...,p. It is assumed that k = 1 shows the highest fare class and k = p 
the lowest. Let BL, and x, denote the booking limit and the protection level of 
the product k, respectively. By definition, within a partitioned allocation policy, the 
protection levels and the booking limits are equivalent. Furthermore, because each 
booking limit defines a separate block of the seats, the booking limits of all the 
products sum up to C, which is represented in Fig. 2.1. 

As it is stated in Lee and Hersh (1993) and Talluri and van Ryzin (2004b), 
Sect. 2.1.1.1, using partitioned booking limits is not an effective approach, because 
the demands for the products are random. Consider the case where the demand 
for a fare class k exceeds its booking limit. According to a partitioned booking 
control, all the requests beyond the booking limit BL; will be denied, even if there 
is still capacity available in the blocks BL;+1,..., BL). As a result, the airlines 
may realize losses in revenue, which can be avoided using a nested booking control 
policy. 
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Fig. 2.1 Illustration of partitioned booking limits (see Lee and Hersh 1993) 


Nested Booking Limits 


A nested booking control policy allows more valuable products to access to the 
capacity reserved for less valuable products. Before the implementation of the 
policy, a so-called nesting order should be constructed, which ranks the products 
according to their values to the airline. For single-leg problems, the determination 
of the nesting order is trivial. Obviously, a high-fare class customer is more valuable 
than a lower-fare class customer indicating that ranking should be based on the fare 
class. Contrary to single-leg problems, ranking of the products in an airline network 
is not straightforward. Since the products do not use the same resources, it is difficult 
to identify which product is more valuable to the network. The lower fare class of 
a longer flight may contribute to the network revenue more than a higher fare class 
of a shorter flight, or vice versa. Furthermore, since each resource has a different 
capacity it is not easy to define a unique order, which is valid across all the resources 
(see Talluri and van Ryzin 2004b, Sect. 3.1.2.2). 

In this section we demonstrate the implementation of nested booking limits in 
single-leg capacity control problems. In Sect. 2.4.2.2 we will consider nesting of 
the products in airline networks and present several approaches. For both types of 
problems, there are several studies demonstrating that using nested booking limits 
results in higher expected revenues than using partitioned booking limits (see e.g., 
Williamson 1992). 

The illustration of the nested booking control on a single-leg flight is given in 
Fig. 2.2. The term x;, refers to the nested protection level of the product k, which 
represents the number of seats protected for fare classes k,k —1,..., 1 against the 
lower fare classes. The nested booking limits describe the number of seats that can 
be sold to a product and its lower-ranked products. Therefore, the booking limit of a 
product k is equal to the capacity remaining after protecting necessary seats for the 
higher fare classes k — 1,k —2,...,1. The highest fare class k = 1 has access to 
all the available seats. Mathematically, it is formulated as: 


C; fork = 1, 
C — xķ-1, fork=2,...,p. 


BL, = 


As it can be seen from the Fig. 2.2, the capacity available to a fare class k, is 
also available to the fare classes k —1,..., 1. There is a relation between nested and 
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Fig. 2.2 Illustration of nested booking limits (see Lee and Hersh 1993) 


partitioned booking limits: the nested booking limit of a product is the sum of the 
partitioned booking limits of itself and all the lower-ranked products. 

During the booking process, equivalent capacity control policies are applied 
by using booking limits or protection levels. Talluri and van Ryzin (2004b), 
Sect. 2.1.1.3 describe capacity control with nested protection levels. Accordingly, 
a request for a fare class k is accepted, if the remaining capacity of the flight 
exceeds the number of seats to be protected for the higher-ranked products, which 
is denoted by x,—1. In Sect. 6.7, we implement a nested capacity control approach, 
which makes use of the protection levels for accept/reject decisions. There are two 
alternatives to implement a nested capacity control policy: standard nesting and theft 
nesting. In the former approach, the protection levels are updated during the booking 
horizon following the acceptance of a reservation, whereas they remain constant in 
the latter one. Suppose that a request for a fare class k is accepted. If standard nesting 
is applied, it is assumed that there is no need to protect an additional seat for the fare 


classes k,k —1,...,1 from the lower fare classes. As a result, the protection levels 
Xk,Xk+15+++,Xp—1 are reduced by one. If theft nesting is applied, on the other hand, 
the same number of seats is kept to be protected for the fare classes k,k —1,...,1, 


even though a request for fare class k is accepted. 

The work of Littlewood (1972) is the first to address the problem of determining 
the optimal booking limits for single-leg flights. He considers a problem with two 
fare classes and proposes a static model suggesting that a customer request should 
be accepted as long as its fare exceeds the future expected revenue of the seat. This 
result, which is called “Littlewood’s rule” in the literature, is the basis of subsequent 
revenue management research. Consider a single-leg flight with two fare classes 
denoted by fı and f2, where fi > f2. Suppose that a customer belonging to 
the lower fare class arrives, which should either be accepted or rejected. Let c be the 
remaining capacity on the flight when the request arrives. Let the random variable 
D; denote the demand for fare class i. According to Littlewood’s rule, the request 
should be accepted if and only if 


f2 Z fiPr(D: > c), (2.1) 
The above equation can be explained as follows: If the arriving request is 


rejected, the seat can be sold to a higher fare class customer and a revenue of fi 
would be earned. However, this can happen only when Dı > c. Hence, the term 
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f\Pr(D; = c) corresponds to the expected marginal revenue of the seat and the 
customer is accepted if fọ is at least as much as this expected revenue. Hence, 
the optimal policy implies that the lower-fare class customers should be rejected 
if the remaining capacity does not exceed xf. In other words, xf refers to the 
optimal protection level for the fare class one. Suppose that D; follows a discrete 


distribution, then x} satisfies: 


fa< fiPr(D; = xf) and fo > fiPr(Di = xf + 1). (2.2) 


In case of a continuous distribution for demand, x} is found as follows: 


fo = fiPr(D, > xf), which means xf = Fy '(1 — hy (2.3) 


fi 


where F;(.) refers to the cumulative distribution function of the demand for fare 
class i. The policies given in (2.2) and (2.3) can be translated into a nested booking 
limit control policy such that BL; =C and BL2=C — xj, assuming C is the 
initial capacity of the flight. More detailed descriptions of Littlewood’s rule are 
found in Talluri and van Ryzin (2004b), Sect. 2.2.1 and Klein and Steinhardt (2008), 
Sect. 3.2.1. The note provided by Netessine and Shumsky (2002) describes the 
single-leg revenue management problem with two fare classes as a newsvendor 
problem, which is an interesting result. Similar to the newsvendor problem it can 
be thought that, if too many seats are protected, an overage cost of fọ incurs, because 
the seat cannot be sold. Otherwise, if too few seats are protected, then an underage 
cost of fı — fz incurs, because the extra revenue which would come from the higher 
fare customers cannot be earned. 

Based on the study of Littlewood (1972), Belobaba (1987a), and Belobaba 
(1989) propose the Expected Marginal Seat Revenue (EMSR)-a heuristic for single- 
leg problems with a number of fare classes p > 2. The heuristic provides nested 
protection levels for each fare class. Although the EMSR-a heuristic results in a 
quite different booking control policy than the optimal one, the resulting expected 
revenues are very close to optimal (see Curry 1990; Wollmer 1992; Brumelle and 
McGill 1993). A slightly modified version of the EMSR-a is the so-called EMSR-b 
method (see e.g., Belobaba and Weatherford 1996). In the following, we explain the 
computation of the protection levels with EMSR-a and EMSR-b heuristics. 

EMSR-a heuristic solves the multi-class problem by performing the Littlewood‘s 
Rule given in (2.2) and (2.3) for pairs of fare classes. Suppose that we need to 
determine the booking limit for the fare class k + 1. Hence, we have to find 
the protection level x;, which corresponds to the number of seats that should be 


protected for the products k,k —1,..., 1. Consider a pair of fare classes k + 1(2 < 
k+1 < p)and j(1 < j < k). By means of the Littlewood‘s Rule, the EMSR- 
k+1 


a heuristic computes, for each pair, the protection level x; "" that represents the 


number of seats to be protected for the product j from the access of the product 
k + 1. Then, x; is found as the sum of these protection levels over j = 1,...,k 
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such that 


k 
i= oe (2.4) 


j=l 


EMSR-b reduces the problem with p fare classes to two-class problems by 
aggregating the demand of the products. Consider again the fare class k + 1 for 
which we try to find the value of x;. Recall that x, represents the number of seats 
to be protected for the fare classes k,k — 1,...,1. Let D j be the aggregate future 
demand for these fare classes such that 


k 
Dr =} Dj. (2.5) 
j=1 
Moreover, let Te be the weighted-average revenue of the fare classesk,k—1,..., 1, 


which is computed by: 


> fi E[D;] 


a Xt E[D;] l 


(2.6) 


Then, the protection level x, is found through the Littlewood’s Rule considering the 
fare class k + 1 with a fare of f+) and the aggregated fare class with a demand of 
Dy, and a fare of Fe as a pair. 

One important advantage of the EMSR heuristics is that they are easy to 
implement. Hence, they are widely used by the airline companies (see Belobaba and 
Weatherford 1996). The study of Graf (2011) considers the EMSR heuristics within 
the context of airline alliances. Both versions of the heuristic are implemented to 
the revenue management problem of a single-leg airline alliance with two partners. 

Several other static models to determine the optimal booking limits for different 
fare classes in a single-leg problem are developed by Curry (1990), Wollmer (1992), 
and Brumelle and McGill (1993). The difference between these three studies is the 
assumption about the distribution of the demand for the fare classes. For an overview 
on the seat allocation problem and the early works on the subject, we refer to the 
study of Belobaba (1987b), Kimes (1989b) and Weatherford and Bodily (1992). 

The assumption about the low-before-high arrival pattern has been relaxed 
by Robinson (1995), but the study still assumes that customers of different fare 
classes arrive in non-overlapping intervals. A major contribution to the single- 
resource capacity control problems is due to Lee and Hersh (1993), who provide 
a discrete time dynamic model. It is shown that for each fare class there exists an 
optimal booking limit or an optimal decision period, after which the requests of 
the corresponding fare classes should not be accepted. Subramanian et al. (1999) 
extended the pioneer study of Lee and Hersh (1993) for single-resource capacity 
allocation problems to include overbooking, cancellations and no-shows. In contrast 
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to the case without overbooking, they found out that the booking limits may not 
be monotone in time remaining until departure. Furthermore, at a certain time in 
the booking horizon it may be optimal to accept a lower fare class customer while 
rejecting a higher fare class. Brumelle and Walczak (2003) enhanced the model 
of Subramanian et al. (1999) by including batch bookings, where a customer can 
request multiple seats at a time. Lee and Hersh (1993) also consider batch bookings 
in which case the optimal policy is characterized by optimal decision periods. 
Lautenbacher and Stidham (1999) review the static and dynamic control policies 
developed for single-leg problems and propose a Markov decision process model 
formulation which encompasses all these models as special cases. 

Zhao and Zheng (2001) incorporate customer choice behavior in a single-leg 
seat allocation problem with two fare classes. Another study considering customer 
choice behavior in single-leg revenue management problems is due to Talluri and 
van Ryzin (2004a), who propose an approach based on the dynamic model given by 
Lee and Hersh (1993). 


2.4.1.2 Bid-Price Control Policy 


Another policy applicable to single-leg problems is the bid-price control policy, 
which is introduced by Simpson (1989) and further studied by Williamson (1992). 
In fact, the Littlewood’s Rule presented in the previous section is equivalent to a 
bid-price control strategy for a problem with two fare classes. Here, we outline 
the policy for general single-leg problems. Bid-price policy can also be applied 
to network capacity control problems. In this section, we briefly introduce the 
policy and in the next section, we examine the policy within the context of network 
problems and review the relevant literature. 

In general, bid-prices are threshold values defined for the resources, which are 
used to approximate the opportunity cost of using one unit capacity on the resource 
(see Talluri and van Ryzin 2004b, Sect. 3.1.2.3). In the airline revenue management 
context, the bid-prices are determined for each flight leg and show the opportunity 
cost of reserving a seat on the associated flight leg. In single-leg problems, the 
bid-price describes the minimum acceptable value that the airline will earn from 
selling a ticket (see Klein 2007). The policy implies that an incoming request should 
be accepted, if and only if there is available capacity and the corresponding fare 
is at least as much as the bid-price. To implement a bid-price control policy one 
needs only to store a single bid-price value, which may seem as an advantage over a 
booking limit control policy, where a booking limit value is stored for each fare class 
(see Williamson 1992). However, a major drawback of working with bid-prices is 
that once the bookings are opened to a fare class, there is no limit on the number 
of seats that can be sold to that fare class. This is not an efficient policy, because 
as the remaining capacity decreases, it may be more profitable to protect seats for 
customers with a higher-willingness-to-pay. The problem is handled by updating the 
bid-prices during the booking horizon taking the available capacity into account (see 
de Boer et al. 2002). Clearly, the amount of data to be stored will expand, because in 
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the presence of updating there will exist one threshold value for each state variable 
(e.g., time, capacity). However, bid-prices are effective only if they are updated (see 
Talluri and van Ryzin 2004b, Sect. 2.1.1.4). 

A popular way to compute bid-prices is introduced by Williamson (1992), 
which makes use of the linear programming models developed for network revenue 
management problems. The mentioned models and their use in calculation of the 
bid-prices are presented in the next section. Since the models can be applied also 
to single-leg problems, the bid-prices for single-leg problems are calculated in the 
same manner. Several procedures for updating the bid-prices are presented in Klein 
(2007). 


2.4.2 Network Capacity Control 


If the products of an airline are solely composed of flights including a single flight 
leg, the total expected revenue can be maximized through maximizing the revenue of 
each flight separately (see Williamson 1992, p. 36). However, airlines do not offer 
direct flights between every origin-destination pair. They usually operate on hub- 
and-spoke networks including many flights composed of more than a single flight 
leg. There are, however, some low-cost carriers, which are operating on networks 
consisting of only direct flights (see Phillips 2005, for examples). 

Figure 2.3 shows a hub-and-spoke network of an airline, which consists of two 
hubs and nine spokes. The gray nodes represent the spokes which are connected to 
the hubs A and B. Direct flights are offered between any hub-spoke pair and between 
two hubs. However, a flight between two spokes consists of at least two flight legs. 

The sale of a multi-leg flight is restricted by the capacity limits of the used flight 
legs. Therefore, an allocation decision made for a flight affects the available capacity 
of the connecting flights. Hence, optimizing each flight leg locally cannot make sure 
that the network revenue is maximized. Revenue management strategies should be 
applied, which take the network effects into account. 

The following example, which is adapted from Klein and Steinhardt (2008), 
Sect. 3.3.1, shows how leg-based control policies fail to find the correct capacity 
allocation decisions. Consider the network given in Fig. 2.4 including two flight 
legs. The airline offers the following single-leg flights: Diisseldorf (D) — Munich 
(M) and Munich — New York (N). Additionally, it offers a flight between Diisseldorf 
and New York with an intermediate stop in Munich. Thus, we have flights between 
the following OD pairs: DM, MN, DN. 

Let us assume that there exist two fare classes for each of these OD pairs, where 
fion Z fop. Furthermore, the airline expects one request for the flight DM with 
a fare of fipm = 400 and one request for the flight DN with a fare of fapy = 
600. It is assumed that there is one seat available on the flight leg Düsseldorf — 
Munich, whereas the flight leg Munich — New York has ample capacity. Suppose 
that the request for DM arrives. In a leg-based booking control policy, the request 
will be accepted, since it belongs to the highest fare class. However, rejecting it and 
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Fig. 2.3 A hub-and-spoke network of an airline 


Düsseldorf Munich New York 


Fig. 2.4 A simple network with two flight legs 


reserving the request for the flight DN would generate a revenue of 600 instead of 
400. 

The above example illustrates the challenge in multi-leg revenue management 
problems for a very small network. Obviously, the determination of the optimal 
policy becomes much more complicated, if networks of more realistic size are 
considered. In the following section, we present the network revenue management 
approaches developed for making the capacity management decisions in airline 
networks. 


2.4.2.1 Optimal Dynamic Network Control Policy 


Talluri and van Ryzin (1998) examine the network revenue management problem 
and proposes a dynamic programming formulation for the optimal control policy. 
Their results are also provided in Talluri and van Ryzin (2004b), Sect. 3.2. 

Consider an airline network having m flight legs denoted by / =1,...,m. By 
combining these flight legs, the airline offers a number p of ODFs labeled through 
k =1,..., p. In the network setting, a product k defines a flight between an origin 
destination (OD) pair belonging to the fare class F. Throughout this study, the 
abbreviation ODF is used to refer to a product. Let a, be the resource coefficient of 
the ODF k on flight leg / such that 


1 if flight leg / is used by ODF k, 


0 otherwise. 


ak = 
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Let us also define the resource matrix A, which includes the elements ay, and Ax 
indicating the kth column of the matrix A. Assume that c; is the available capacity 
on the flight leg / at any time during the booking horizon. To define the state of 
the network, we introduce the vector c which is determined through the remaining 
capacity on the flight legs. That is, c = (c1,...,Cm)™. If a request for ODF k is 
accepted, the new state vector will be c — A;. Otherwise, it remains the same. 

The booking horizon consists of time periods t = 1,..., 7, and the flight departs 
at time period T + 1. Furthermore, the time intervals are chosen sufficiently small 
such that the probability of more than one arrival is negligible. Let the vector f = 
(fi...., fp) show the fares of the ODFs. Note that throughout this study, we use 
the notations fk = f(ODF) = f(OD, F) to refer to the fare of a flight between a 
specific OD pair belonging to the fare class F. The demand for the ODFs is modeled 
through the random vector F (t), where F(t) = (Fi (t), ..., Fp(t)). A positive value 
of F(t) i.e., F(t) = fk > 0) shows that a request for the ODF k arrives in period 
t with a corresponding fare of f,. An Fx (t) value equal to zero, on the other hand, 
means that no request for the ODF k arrives in period t. The vector F(t) has a 
joint distribution in each period t, which is assumed to be known. Moreover, the 
distribution of F(t) is independent across time periods. Note that, since the number 
of arrivals in a period cannot exceed one, at most one component of F(t) can be 


positive. 
Suppose that a request arrives at the time period t, which is going to be either 
accepted or rejected. Let the vector u(t) = (u(t), ...,up(t))™ denote this decision, 


where u(t) is equal to 1, if the request for the ODF k is accepted in period t, and 0 
otherwise. Since the decision depends on the state of the network and the fare of the 
ODF, u(t) is modeled as a function of c and fp such that ug (t) = ug(t,c, fk). In 
any time period, given a capacity vector c, the vectors u(t) are defined through the 
set U(c), where U (c) = {u € {0,1}? : Au < c} 

We define V;(c), which represents the maximum expected revenue to attain in 
the periods t,t + 1,...,7 given that the remaining capacity is c in period t. The 
value of V;(c) can be computed through the following Bellman equation: 


Vic) =E | max fONes. HA Vane Aw 


with the conditions Vr+,(c) = 0 for all c and V,(0) = 0 for all ¢. 
Talluri and van Ryzin (1998) prove that V;(c) is finite for all finite c and the 
optimal control policy defined through uf is such that 


1 if fe = Vigilce) -—Viti(c — Ag) and Ay < C, 


0 otherwise. 


HAS EE (2.7) 


The term V,4,(c) — V;ii1(c — Ax) is referred to as the opportunity cost of 
accepting the request due to the decrease in the available capacity. The optimal 
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policy described in (2.7) implies that a request should be accepted if its fare exceeds 
its opportunity cost and there is enough capacity available. 

However, as it is pointed out in Talluri and van Ryzin (2004b), p. 83, determining 
an optimal policy is almost impossible, when the size of real airline networks is 
considered. In other words, computing the value function V;(c) is intractable due 
to the curse of dimensionality of the state space. Therefore, approximation methods 
are used for network problems. Talluri and van Ryzin (2004b) differentiate between 
two approaches. (1) approximating the value function by using mathematical models 
and (2) decomposing the high dimensional dynamic program developed for the 
whole network into one-dimensional single-leg problems which are to be solved 
independently. The following section presents the mathematical models developed 
for solving network revenue management problems. For network decomposition 
approaches, we refer to Talluri and van Ryzin (2004b), Sect.3.4. An extension of 
this approach to customer choice behavior is found in Liu and van Ryzin (2008). 


2.4.2.2 Mathematical Programming Based Approximations 


The mathematical programming based approaches include approximating the 
expected revenue by means of deterministic and probabilistic mathematical models. 
The aim of these models is to allocate the capacity of the resources to the products 
so as to maximize the expected revenue. They are regarded as static approximations 
to the expected network revenue, since they provide one time allocation of the 
available capacity (see Talluri and van Ryzin 1998). To improve the quality of the 
approximation, the models are usually resolved and the allocations are reoptimized 
a number of times during the booking horizon by taking the realized demand and 
the remaining capacity into account (see Talluri and van Ryzin 2004b, Sect. 3.3). 

Before introducing the different mathematical models developed for airline 
network revenue management problem, it is necessary to give the assumptions 
common to all these models. The mathematical models maximize the expected 
network revenue over all the products of the airline. It is assumed that the demands 
of the ODFs are independent such that switching of the customers between the fare 
classes is not allowed. Furthermore, the distribution of the demand is known for 
each ODF separately. With the objective of maximizing the expected revenue, the 
models determine the number of seats to be allocated to each ODF. 


Deterministic Modeling Approach 


The most popular model used to approximate the expected revenue in airline 
networks is the Deterministic Linear Programming (DLP) Model presented in e.g., 
Williamson (1992) and de Boer et al. (2002). The model is deterministic since it 
maximizes the expected revenue by assuming that the demand for an ODF is always 
equal to its expected demand. Hence, the stochastic nature of the demand is not 
taken into account, which appears to be a major deficiency of the model at first 
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glance. However, the simulation studies of Williamson (1992) and de Boer et al. 
(2002) have shown supporting results to prefer DLP over other more complicated 
models which will be presented in the following parts of this section. In fact, the 
DLP model takes its roots from the network formulation proposed by Glover et al. 
(1982). 

The formulation of the DLP model to find the optimal partitioned seat allocations 
for a network of an airline is as follows: 


P 


DLP : Maximize ) fir Yx (2.8) 
k=1 

subject to 
P 
X an% <C l=1,...,m, (2.9) 
k=1 
Yq < E[Dy] k=1,...,p, (2.10) 
Y, > 0 k=1,...,p. (2.11) 


The objective function (2.8) maximizes the expected revenue of the airline over all 
the products. The decision variable Y; refers to the number of seats allocated to 
the ODF k. Constraint set (2.9) ensures that the capacity limits of the flight legs 
are not violated. Thus, the total number of seats allocated on a flight leg is limited 
by Cı, which is the initial capacity of the flight leg /. Note that if the model is 
solved many times during the booking horizon, the actual remaining capacity vector 
is used. Constraint set (2.10) implies that the number of seats allocated to an ODF 
cannot exceed its expected demand, which is denoted by E[D,]. Finally, (2.11) is 
the non-negativity constraint. It is known that for linear or single-hub networks, 
DLP model gives integer allocations, provided that the capacities of the flight legs 
and the demand expectations for the ODFs in the constraints (2.9) and (2.10) are 
integer (see de Boer et al. 2002). 

Chen et al. (1998) have shown that the objective function value of the DLP 
constitutes an upper bound for the network revenue. Approximation approaches 
giving tighter upper bounds are proposed by Adelman (2007) and Topaloglu (2009). 
A comparison of these modeling approaches is given in Talluri (2009) together with 
improved versions leading to tighter bounds. Talluri (2009) states that obtaining 
tighter bounds is essential, since the booking policies implied by the models giving 
tighter upper bounds result in higher expected revenues. 


Probabilistic Modeling Approaches 


A general mathematical model for approximating the value function which incorpo- 
rates the probabilistic nature of the demand is provided in Talluri and van Ryzin 
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(1998). The formulation of the so-called probabilistic non-linear programming 
(PNLP) model is as follows: 


P 


PNLP : Maximize )> fy E|min{ Dx. Yx}] (2.12) 
k=1 
subject to 
P 
Xoan” <C l=1,...,m, (2.13) 
k=1 
Y, > 0 k=1,...,p. (2.14) 


The distinction between PNLP and DLP is that the PNLP works with the random 
demands of the ODFs, which are denoted by D;, instead of the expected values. 
Note that the actual number of seats sold will be equal to this allocation, if the 
demand for the ODF is at least as many as Yp. Otherwise, if the demand turns 
out to be less than Y;, some of the seats will remain empty. Hence, the term 
E[min{ Dx, Yx}] in (2.12) corresponds to the expected sales of the ODF that leads 
to a non-linear objective function. 

Like the deterministic model, PNLP also finds out partitioned booking limits for 
the ODFs so as to maximize the expected revenue. Since the implied allocations are 
certainly feasible for the airline network, the solution of the PNLP provides a lower 
bound for the optimal expected revenue (see also Chen et al. 1998). 

An equivalent linear programming model is presented in Williamson (1992) and 
de Boer et al. (2002), which can be used when the demand distributions are discrete. 
The formulation of the so-called expected marginal revenue (EMR) model is as 
follows: 


p By 
EMR: Maximize > > fkPr(Dp > z)Yk(2) 
k=1 z=1 
subject to 
By 
>> do %@ < C for! = 1,...,m, (2.15) 
ke€; z=1 
0<¥,(z) <1 fork =1,...,pandz=1,..., Bg. (2.16) 


The decision variable Yz (z) shows whether z or more seats are allocated to the ODF 
k. It is not defined as a binary variable, because the linear programming formulation 
above has turned to be tight (see Williamson 1992; de Boer et al. 2002). Then, the 
total number of seats allocated to an ODF is equal to the sum of Y;(z) over all 
possible z values. The constraint set (2.15) makes sure that the capacity of the flight 
legs are not exceeded, where the set € includes the ODFs traveling through the 
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flight leg /. The domain of z for an ODF k is given in constraint (2.16). Due to the 
capacity limitations, the value of z cannot exceed the maximum number of seats that 
can be allocated to the ODF k. Therefore, B, = minjet, {Ci}, where T;, denotes the 
set of flight legs traveled by ODF k. 

Like the DLP and PNLP models, the solution of EMR defines non-nested, 
partitioned seat allocations for the ODFs. The fact that E[min{D,,¥;}] = 
A Pr(D >z) for discrete distributions and the decreasing property of 
Pr(Dx = Z) in z leads to the equivalence of the PNLP and EMR models. 

A major difficulty of working with the EMR model is the large number of 
decision variables of type Y;(z), which grows very fast with the increase in the 
number of ODFs and the capacity of the flight legs. Although PNLP has a non- 
linear objective function, solving it is often more efficient than solving the EMR 
model (see Williamson 1992; Talluri and van Ryzin 2004b, p. 96). 

Pak and Piersma (2002) present the capacity control approaches to single-leg 
and network seat allocation problems. The study includes a review of the above 
mentioned mathematical models. 


2.4.2.3 Implementing a Nesting Booking Limit Control Policy 


Extensive comparisons of the DLP and EMR models are provided in Williamson 
(1992) and de Boer et al. (2002), which demonstrate results supporting the use 
of the deterministic model. They first have found the seat allocations by using the 
deterministic and probabilistic linear programming models. Then, nesting the ODFs 
according to their contributions to the network revenue, they have simulated the 
booking process using the seat allocations implied by each model. The expected 
revenues obtained by the simulation have turned out to be usually higher with a 
booking control policy based on the deterministic model than with the one based on 
the probabilistic model. The mentioned studies investigate also the performance of 
the models when incorporated into a bid-price control policy. It is observed that the 
bid-prices obtained using the deterministic model result in higher revenues than the 
ones implied by the probabilistic model. 

As it was stated previously, determining a nesting order for network problems 
is not straightforward. Williamson (1992) considers three strategies for a nesting 
order of an airline network: nesting by fare class, nesting by fares and nesting by 
shadow prices. The drawback of the first strategy arises when a lower-fare customer 
of a long flight may contribute more than a high-fare customer of a shorter flight. 
In the second approach, the ODFs are nested only considering their fare values. 
Thus, the multi-leg flights have priority over single-leg flights, since they generally 
have higher fares. Consider a multi-leg ODF, to which no seats are allocated in the 
mathematical model. If the ODFs are nested according to their fares, these multi- 
leg ODF will have access to the capacity reserved for the single-leg ODFs, which 
have smaller fare values. As a result, although the partitioned booking limit of the 
multi-leg ODF is zero, a significant number of seats can be sold to this ODF during 
the booking process. These seats, however, could be sold to single-leg flight ODFs, 
which are more valuable to the network (see Williamson 1992, Sect. 4.2.2) 


24 2 Selected Topics in Revenue Management 


The third strategy is developed with an attempt to better reflect the contribution 
of the ODFs to the network revenue. It is primarily based on the shadow prices of the 
constraints in the mathematical models. In nesting the deterministic seat allocations, 
Williamson (1992) uses the dual prices of the demand constraints (2.10) in the DLP 
model. The shadow price refers, all else being held constant, to the increment in the 
revenue if the expected demand E[D,] of an ODF is increased by one. Hence, the 
ODFs with higher shadow prices are ranked higher in the nesting order. In the EMR 
model, however, there does not exist any demand constraint. Moreover, an increase 
in the mean demand indicates a change in the function Pr(D; => z). Therefore, we 
need to resolve the EMR model to obtain the change in the revenue if the expected 
demand of an ODF is increased by one. Obviously, this is a cumbersome task if the 
number of products in an airline network is imagined. 

To handle this difficulty, de Boer et al. (2002) propose a nesting heuristic, which 
uses the dual prices of the capacity constraints (2.9) and (2.15) in deterministic and 
probabilistic cases, respectively. They approximate the opportunity cost of a flight 
by adding the dual prices of the flight legs. Then, the net contribution of the ODF to 
the network revenue is estimated by subtracting this amount from its fare. Let a be 
the shadow price of the capacity constraint for flight leg /. Then, the net contribution 
of the ODF k, denoted by NC;, is computed as follows: 


NCx = fe — D> 1. (2.17) 


LET; 


We adapt this heuristic in Sect. 6.7, where we conduct a simulation study to assess 
the validity of the nucleolus concept for the revenue sharing problem of airline 
alliances. 


2.4.2.4 Bid-Price Network Control Policy 


Bid-price policy is a popular instrument for controlling the capacity in airline 
networks. In the previous section, we have introduced the policy and its use in 
single-leg problems. In this section, we discuss the application of the bid-price 
policy to network problems. Considering a network revenue management problem, 
the bid-price policy implies that a request for a flight should be accepted if its fare is 
equal to or exceeds the sum of the bid-prices of the traveled flight legs. This method 
is usually referred to as the additive bid-price approach, since the value of a flight is 
approximated by the sum of the values of the traveled flight legs (see Bertsimas and 
Popescu 2003; Miiller-Bungart 2006). 

Williamson (1992) describes the bid-price as the marginal value of the last seat on 
a flight leg. As mentioned before, the bid-prices can be calculated using the linear 
programs developed for the network capacity control problem. Consider the DLP 
model presented at the beginning of this section. The bid-price of a flight leg is equal 
to the shadow price of the corresponding capacity constraint in (2.9). Williamson 
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(1992) investigates the performance of the bid-prices based on DLP and PNLP 
model. However, the simulation studies of Williamson (1992) and de Boer et al. 
(2002) show that DLP based bid-prices generate higher expected revenues than the 
ones based on the PNLP model. 

Talluri and van Ryzin (1999) point out that working with bid-prices based on 
the DLP model may provide poor results. This occurs due to the fundamental 
assumption of the DLP model that the demand for an ODF is always equal to 
its expected demand. Suppose that the expected demand traveling through a flight 
leg is less than the capacity. In that case, the DLP will result in zero bid-prices. 
However, considering the high variation in the demand, the value of the flight 
leg might be larger than zero. In order to incorporate uncertainty, Talluri and van 
Ryzin (1999) propose a randomized approach, which is called RLP (Randomized 
Linear Programming), to compute bid-prices in an airline network. They simulate 
n independent sample demand realizations for each ODF, which are randomly 
generated from the given probability distribution. Let the vector D!,..., D” show 
these samples such that Di =D},..., D} denote the realized demand of the 
ODF k =1,..., p in the ith sample. Then the parameter E[D;] in the constraint 
set (2.10) is replaced by Di and the model is solved. The bid-price of a flight leg 
is set to the average of the shadow prices obtained over the n runs. It is observed 
by Talluri and van Ryzin (1999) that RLP provides small improvements compared 
to the DLP, which, however, are significant especially when the expected demand 
values are high. In this study we adapt this randomized approach to the alliance 
revenue management problem and present it in Sect. 6.4. Bertsimas and Popescu 
(2003) discuss the drawbacks of using an additive bid-price approach and indicate 
that the bid-prices are not well defined, if the underlying model has multiple dual 
solutions. They provide a non-additive bid-price method and show that it performs 
better than the traditional additive approach. The method estimates the opportunity 
cost of a flight using the objective function value of the DLP model, which does 
not depend on the value of the dual solution. The study of Klein (2007) defines 
bid-prices depending on some easily observable parameters, which facilitates the 
updating process. 

Methods for calculating bid-prices, which include the dynamic nature of the 
customer arrivals have been developed by Adelman (2007) and Topaloglu (2009). 
Adelman (2007) proposes time dependent bid-prices determined using a linear 
programming approximation to the dynamic programming formulation of the 
network revenue management problem. The method presented by Topaloglu (2009) 
gives time and capacity dependent bid-prices. It is based on the decomposition of the 
network problem into single-leg problems by relaxing constraints that link different 
flight legs. By considering only one leg a time Topaloglu (2009) was able to compute 
time and capacity dependent bid-prices. His numerical studies show that the bid- 
prices result in higher expected revenues than the DLP and RLP based ones. For 
a discussion of different bid-price control approaches, we refer to Müller-Bungart 
(2006) and Klein (2007). 
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2.4.3 Overbooking 


Overbooking is the oldest revenue management instrument, which has also been 
used before the deregulation (see McGill and van Ryzin 1999). It is a strategy 
initiated by the airline industry with an attempt to increase the capacity utilization 
of the flights against the negative effect of the so-called cancellations and no-shows. 
For the airlines, it is not uncommon that the passengers cancel their reservations 
at any time during the booking horizon. Moreover, no-shows are likely to happen, 
which describe the passengers with reservations who fail to show up at the flight 
time without notice. Hence, the airlines face the risk of departing with a high 
number of empty seats, which could be sold to other passengers. To compensate this 
revenue loss due to cancellations and no-shows, the airlines follow an overbooking 
policy. Roughly speaking, overbooking is concerned with selling more seats for a 
flight than the physical capacity of the aircraft to decrease the number of seats that 
remain empty at the time of departure. American Airlines reported that about 15 % 
of the seats in 1990 would remain empty if they limited the bookings by the aircraft 
capacity (see Smith et al. 1992). However, the extra revenue that would be realized 
through overbooking a flight must be traded off against the costs, which incur due 
to denied boardings. Denied boarding refers to the rejection of a passenger with a 
valid ticket due to insufficient capacity. It arises when the flight is oversold as a result 
of overbooking, i.e., when more passengers show up at the departure time than the 
available seat capacity of the flight. Denied boarding costs include the compensation 
provided to the rejected passengers and the loss of goodwill that arises due to 
the customer dissatisfaction (see Chatwin 1998). Taking this tradeoff into account, 
Dunleavy (1995) describes the objective of overbooking as the determination of the 
number of bookings that will be accepted beyond the physical capacity so that the 
flight will depart with a minimum number of empty seats and a minimum number 
of denied boardings. 

The research on airline overbooking started with the work of Beckmann (1958), 
who proposes a static cost-based model to compute the overbooking limit for a 
single-leg one-fare class problem. Static models do not consider the dynamics of the 
customer arrivals and cancellations during the booking horizon. The overbooking 
limits are determined for the time the model is implemented and recomputed 
periodically to be aligned with the changes in the state of the system. Among other 
static models, the study of Thompson (1961) provides overbooking limits which 
restrict the probability of overselling to a specified level. It was further enhanced 
by Taylor (1962) and Rothstein and Stone (1967). The pioneer work of Littlewood 
(1972) applies the marginal revenue theory to determine overbooking limits for a 
single-leg flight having two fare classes. Shlifer and Vardi (1975) describe static 
models for single-leg flights with two fare classes and a two-leg flight with a single 
type of customers. A survey of the early research on the airline overbooking problem 
is provided in Rothstein (1985). 

In the dynamic models, the overbooking limits are adapted whenever a request 
arrives by taking the possible new arrivals and cancellations in the subsequent 
periods as well as the no-shows into account (see Klein 2007, Sect. 4.2.1). The first 
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dynamic overbooking model has been developed by Rothstein (1971) for a single- 
leg problem with a single fare class. For the same type of problem, Chatwin (1998) 
examines the conditions under which a booking limit policy is optimal. In fact, 
overbooking and seat allocation decisions are closely interrelated. The major input 
influencing the seat allocation decisions is the capacity of the flight legs, which 
depends on the overbooking level. The applied capacity control policy, on the other 
hand, affects the overbooking level through influencing the opportunity cost of the 
capacity (see Karaesmen 2001). Despite this, by determining the seat allocation 
decisions, it is generally assumed that the overbooking limits are calculated a 
priori. One exception is the work of Subramanian et al. (1999), which proposes a 
discrete time Markov decision process formulation to determine the overbooking 
limits for single-leg flights having multiple fare classes. The model requires a 
multidimensional state variable, unless the cancellation and no-show probabilities 
are independent of the fare class. As a result, obtaining exact solutions in the 
presence of overbooking is challenging even for single-leg cases. Recently, Aydin 
et al. (2010) have proposed static and dynamic models for single-leg overbooking 
problems, which provide advantages in terms of computational effort and give 
results close to the optimal expected value. 

There are only a few publications considering overbooking decisions in airline 
networks. Bertsimas and Popescu (2003) and Karaesmen (2001) propose solutions 
for joint capacity allocation and overbooking problem by incorporating denied 
boarding costs into the DLP model. A dynamic model has been developed by 
Erdelyi and Topaloglu (2010), where the problem is solved through decomposing it 
into a sequence of single leg problems. The resulting expected revenues turned out 
to be higher than the ones obtained using approximations based on the deterministic 
model. 

Apart from the airlines, the application of overbooking becomes also appealing 
in the hotel and rental car sectors, where cancellations and no-shows are highly 
common. As it is mentioned in Phillips (2005), another factor leading to the rise 
of overbooking in these two sectors is the uncertainty in the available capacity 
due to the so-called overstays and understays. In hotel sector, for example, there 
is the possibility that the customers leave the hotel earlier than they promise on the 
reservation. Therefore, even if there is no cancellation or no-show, the rooms stay 
empty in the absence of an overbooking strategy. The studies on hotel overbooking 
include the works of Rothstein (1974), Ladany (1976) and Liberman and Yechiali 
(1978). A list of publications concerning the overbooking problem in airline and 
hotel industries is provided in McGill and van Ryzin (1999) and Chiang et al. (2007). 
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Chapter 3 
A Review of Strategic Passenger Airline 
Alliances 


The aim of this chapter is to review particularly the alliances in the passenger airline 
industry and to position our study within the previous literature. Section 3.1 presents 
a general introduction to strategic alliances. Section 3.2 discusses the motivations 
behind the formation of passenger airline alliances and presents an extensive survey 
on research in this area. The survey gives special attention to the studies concerning 
revenue sharing and capacity management problems faced by the passenger airline 
alliances. Finally, Sect.3.3 provides a review on the research considering the 
revenue sharing problem in strategic alliances apart from the passenger airline 
industry. 


3.1 Strategic Alliances 


Since the last decades, strategic alliances have appeared as a popular form of coop- 
eration between organizations to create new competitive advantages and attracted 
growing interest among researchers (e.g., Tsang 1998; Gulati 1998). A broad 
definition for strategic alliances is given in Mohr and Spekman (1994) as “purposive 
strategic relationships between independent firms that share compatible goals, strive 
for mutual benefits, and acknowledge a high level of mutual dependence”. Ireland 
et al. (2002) relate the competitive advantages realized by the partners through 
the alliances to the pooling of the resources. Strategic alliances allow the firms to 
access and use resources, which would not be available when they work individually. 
Hence, they enhance the heterogeneity of the resources and create a high potential 
of value creation. Das and Teng (2000) discuss the benefits of resource pooling 
for collaborating partners. They view the emergence of strategic alliances as a 
consequence of the aspirations of the firms to access the resources of other firms 
in order to create value. The following definition for strategic alliances is provided 
in Gulati (1998) that emphasizes the attribute of resource sharing: “Strategic 
alliances are voluntary arrangements between firms involving exchange, sharing or 
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co-development of products, technologies or services”. According to Zhang and 
Zhang (2006) the formation of strategic alliances has become a common strategy 
especially in network-oriented industries like airline, shipping, telecommunications, 
multimodal transportation and logistics. 

Strategic alliances can take various forms ranging from contractual agreements 
to joint ventures, which are discussed in the first chapter of the book by Yoshino and 
Rangan (1995). Accordingly, mergers, takeovers and acquisitions, where the control 
of the cooperation is in the hand of one party, do not represent alliances. In a similar 
manner, Zhang and Zhang (2006) distinguish strategic alliances from the mergers in 
that partners of an alliance are, in contrast to mergers, independent business entities 
making their decisions autonomously. 

Porter and Fuller (1986) refer to the alliances through the term coalitions. Their 
study identifies the major motivations for the formation of coalitions as: search for 
economies of scale, reduction of risk, the need for entering new technology and 
markets and response to government pressure. Similar reasons for building alliances 
can be read from several other publications such as Mariti and Smiley (1983) and 
Zhang and Zhang (2006). 

Although it is not questionable that alliances create benefits for the partners, 
Porter and Fuller (1986) claim that alliances are not always stable. In order to 
guarantee the existence of the alliance in the long-term, each partner has to receive 
a benefit, which is better than any other alternative. In this study, we develop fair 
allocation mechanisms to divide the revenue of a passenger airline alliance among 
its members, which ensures the long-term stability of the alliance. 


3.2 Passenger Airline Industry 


3.2.1 Motivations and Background 


The airline industry has undergone several changes since the deregulation of the 
fares in the 1970s. Many carriers entered the market, which concentrated on short- 
haul routes with high demand intensity and could better fill the aircrafts by providing 
low-cost products. The major airline companies, on the other hand, who were 
not able to serve their markets profitably, were forced to create new competitive 
advantages against the so called low-cost carriers. The increased competition in 
the market has first led to the restructuring of the airline networks. The traditional 
networks composed of direct flights were replaced by hub-and-spoke networks to 
profit from the economies of scale. 

Later on in the 1990s, major carriers started to form alliances with regional 
carriers in order to feed their networks and improve efficiency. In this way, they 
could expand the market that they can reach and attract more passengers, which is 
a powerful strategy to generate incremental revenues for the participating airlines. 
Furthermore, they could better utilize the capacity of aircrafts due to the increased 
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number of destinations to be served. As stated in Oum et al. (1993) especially 
international alliances became more popular, where financial requirements and legal 
barriers make it almost impossible for airlines to build a global service network on 
their own. For example, entering of the new carriers on the routes between two 
countries are prevented through the so-called bilateral agreements. As a result, 
airlines have found international partners enabling them to offer service to the 
destinations in other countries or continents. Moreover, there have been legal and 
political restrictions on mergers and takeovers between international airlines, which 
again make strategic alliances an attractive alternative (see e.g., Park and Zhang 
2000). Although the restrictions made through the bilateral agreements have been 
lightened, other barriers will continue to exist keeping strategic alliances as an 
attractive strategy for the airline industry (Oum et al. 1993). A review of the 
historical development of the alliances in the passenger airline industry is given 
in Oum and Park (1997), which also analyzes the first airline alliances in the world. 
Currently, the major passenger airline alliances are Star Alliance, SkyTeam and 
Oneworld (see Vinod 2005). According to Wright et al. (2010), as of March 2006, 
59 % of all worldwide available seat miles (equal to the sum of the number of seats 
multiplied with the number of miles flown over all flights) are flown by these three 
alliances. 

Through the formation of alliances, the airlines have been able to connect their 
hub-and-spoke networks and extend the market they can reach. The capacities of 
the aircrafts are also better utilized due to the increased traffic on the flight network, 
which in turn, improves the efficiency. According to Oum and Park (1997) the 
airlines can collaborate in other areas except extending the networks or improving 
the capacity utilization and create additional benefits. Among them, one can list 
the coordination of flight schedules, shared membership for frequent flier programs, 
joint use of ground facilities, etc. By aligning these activities, alliances are able to 
provide a seamless service such that the passengers traveling on a flight operated 
by more than one airline do not even recognize that they are using multiple airlines 
(see Brueckner 2001). 

Park (1997) differentiates between two types of alliances: parallel and comple- 
mentary. The first type refers to the cooperation between airlines operating the same 
flights. In other words, the airlines have been competitors on the flight prior to the 
alliance and through cooperation they aim to increase the frequency of the flights 
on the allied route. In the alliances belonging to the latter type, the airlines integrate 
their networks and provide interconnected flights, which reach beyond the existing 
networks. In this study we consider alliances having the characteristics of both 
types. The airlines operate complementary flight legs that are connected to expand 
the flight networks. In this way, flights between additional OD pairs are offered, 
which did not exist as a product prior to the cooperation. In addition to this, a flight 
leg is allowed to be operated by more than one airline such that different airlines 
may also operate the same single or multi-leg flights. In general, real-world alliances 
have such a hybrid structure (see Zhang and Zhang 2006). 

According to Oum and Park (1997), to guarantee the long-term benefits of 
alliances both for airlines and customers, some regulations need to be considered 
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regarding the competition aspects of the alliances. The issue is also addressed 
by Zhang and Zhang (2006), who discuss the anticompetitive effects of airline 
alliances. The study indicates that the airlines do not have many competitors on 
international routes and the competition would decrease significantly, if the airlines 
build alliances. Hence, the authorities have to develop policies to encourage or limit 
the formation of alliances. For example, antitrust laws are designed to prevent the 
airlines from cooperative pricing activities, but at the same time antitrust immunity 
can be granted, in case the alliance would provide public benefits (see Oum and 
Park 1997). 


3.2.2 Operations of Passenger Airline Alliances 


In a passenger airline alliance, the interconnection of the flight networks and the 
combination of the flights operated by different airlines is realized through the 
so-called code-sharing agreements (see e.g., Brueckner 2001). As stated in O’ Neal 
et al. (2007), code-sharing allows the flight operated by an airline to be offered 
as a product of another airline. In that way, airlines extend their product range 
and sell tickets for an increased number of flights. Vinod (2005) describes code- 
shared flights as the flight segments operated by one carrier and sold by one or more 
carriers. The idea of code-sharing can be explained with the following example: 
There is a flight from Diisseldorf to San Francisco with a single stop in Frankfurt 
am Main within the products of Star Alliance. The flight leg between Diisseldorf 
and Frankfurt am Main is operated by Lufthansa whereas the flight leg between 
Frankfurt am Main and San Francisco is operated by United Airlines. Due to the 
code-sharing agreement, the ticket for this flight is sold by both airlines, but usually 
under different codes exposing the label of the airline selling the ticket. 

In the literature and throughout this study, the term interline flight is used to 
describe the flights including the flight legs operated by different airlines. For 
example, the flight from Diisseldorf to San Francisco, which is discussed above, 
is an interline flight, because two airlines are involved in the flight. In a similar 
manner, a flight including flight legs of a single airline is called an intraline flight. 


3.2.3 Literature Review 


In the literature, there exists a stream of research, which investigates the passenger 
airlines in terms of their economical effects (see among others, Oum et al. 1996; 
Park 1997; Park and Zhang 2000; Brueckner and Whalen 2000; Brueckner 2001; 
Park et al. 2001). Among the relevant works, one can find both theoretical and 
empirical analyses. Among the theoretical studies, Park (1997) considers the effects 
of complementary and parallel alliances on the output levels and profits of the firms, 
as well as on the social welfare. He finds out that a complementary alliance tends 
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to increase the social welfare whereas a parallel alliance tends to decrease it. This 
result is confirmed also by Park and Zhang (2000), Park et al. (2001) and Brueckner 
(2001). The work of Brueckner (2001) examines through a theoretical model the 
effects of the international passenger airline alliances on traffic levels, fares and 
social welfare. He studies an alliance having two partners operating a parallel flight, 
which was previously served by each of the airlines separately, and at the same 
time several interline flights. It is observed that cooperation reduces the fares of the 
interline flights compared to the pre-allied case. The fare of the parallel flight, on 
the other hand, turns out to be higher in the presence of the alliance. However, it is 
shown in the study of Brueckner and Whalen (2000) that this increase in the fares is 
not statistically significant. 

The studies providing an empirical analysis on the effects of alliances include 
Oum et al. (1996), Park and Zhang (2000), Brueckner and Whalen (2000) and 
Brueckner (2003), among others. Oum et al. (1996) observe that complementary 
code-sharing agreements between small (non-leader) carriers increase the traffic 
volume of the market leader and reduce its fares. Park and Zhang (2000) examine 
the passenger airline alliances in the North Atlantic market and show that the annual 
passenger volume increases in comparison to the pre-allied case. The findings of 
Brueckner and Whalen (2000) and Brueckner (2003) support the theoretical result 
that the fares of the interline flights charged by the alliance partners are significantly 
lower compared to the fares charged by non-allied carriers. Brueckner and Whalen 
(2000) argue that there are two factors leading to this fare reduction. First, the 
partners of an alliance engage in cooperative pricing while setting fares for the parts 
of the flights operated by them. In comparison to the non-allied situation, airlines 
tend to set lower fares for interline flights to attract the attention of the partners and 
increase joint revenue. As a result of this reduction in the fares, the traffic density 
will increase, which in turn causes a further decrease in the fares of interline flights. 

It has previously been stated that one major motivation for airlines to cooperate 
is the expansion of flight networks and generation of additional revenue. O’ Neal 
et al. (2007) emphasize that the amount of the extra revenue realized by the alliance 
partners depends significantly on the flights that are chosen to be code-shared. They 
develop a system for Delta Air Lines, which automatically selects the flights to 
code-share to maximize the total revenue. In this study, we deal with the problem of 
sharing the revenue of the alliance among the airlines in a fair way. Boyd (1998) is 
the first to discuss the revenue sharing problem faced by passenger airline alliances. 
He points out that maximizing the revenue of the alliance is reasonable only if all the 
contributing airlines can take benefit of it. This idea, which is one of the principal 
concerns of this study will be related to the concept of stability of the alliance 
discussed in Chap. 5. Shumsky (2006) points out the increasing share of code-shared 
products in the market and highlights the necessity of effective revenue sharing 
mechanisms for enhancing the stability of the alliances. Likewise, O’Neal et al. 
(2007) also point out the need for the development of certain fair revenue allocation 
mechanisms to distribute the revenue obtained from the products of the alliance to 
its members. In this work, we develop fair proration rates, which define how the 
fare of a flight ticket has to be shared among the alliance partners. To the best of our 
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knowledge, this is the first study addressing the fairness issue in a passenger airline 
alliance, and depending on this, the stability of the alliance. 

There have been several research efforts on the revenue management problem 
faced by the airline alliances in the passenger industry. However, they usually do 
not deal with the development of the revenue sharing mechanisms. Instead, they 
assume a given revenue allocation rule and examine how the total alliance revenue 
is affected by it. The primary focus of this work, on the other hand, is the design of 
revenue sharing schemes considering the fairness considerations. 

Boyd (1998) states that the ideal solution approach for the capacity management 
problem of an alliance will be to handle the whole network of the alliance as a single 
airline network and give the decisions centrally. To achieve this, it is necessary 
to exchange the information related to the network between the alliance partners, 
which requires aligning the capacity management systems of individual airlines. 
However, technical requirements and the legal barriers such as antitrust legislations 
prevent the airlines from creating a central decision making system (see also Wright 
et al. 2010). Therefore, alliances operate in a decentralized setting, where each 
airline controls its own revenue management system independently and tries to 
maximize its own revenue. In this work, we initially (Chaps. 5 and 6) assume that the 
partner airlines have a centralized revenue management system and maximize the 
total expected revenue of the alliance. We model the revenue sharing problem as a 
cooperative game and compute proration rates based on the solutions of cooperative 
game theory. Although ignoring competition between the airlines is a questionable 
assumption, the aim of Chap. 6 is to provide a benchmark for evaluating how fair 
the revenue shares of the individual airlines in a decentralized setting are. Then, in 
Chap. 7, we relax the centralized management assumption and propose a method 
to assess the fairness of revenue sharing mechanisms applied in a decentralized 
setting. Finally, in Chap. 8, we develop a new decentralized revenue sharing rule 
for passenger airline alliances. 

Boyd (1998) describes two capacity control policies for alliances commonly 
applied in practice. One of them is the blocked seat allotment, where the available 
seat capacity is partitioned among the carriers and each carrier individually manages 
the capacity assigned to itself. If the partitions are determined once and remain 
unchanged, they are referred as hard blocks. In order to obtain higher revenues, 
soft blocks are used, in which the seats are reallocated to the airlines at certain 
points in time taking the previous sales into consideration. The major drawback of 
a blocked seat allotment occurs if there is a mismatch between the demand realized 
by the airline and the seats allocated to it (see Talluri and van Ryzin 2004). A more 
flexible and prevalent capacity control policy is the free sale strategy, where the 
operating airline provides information about the availability of the capacity and the 
non-operating airline can sell seats within the capacity limit of the operating airline. 

Besides the above-mentioned policies, revenue sharing contracts like special 
prorate agreements (SPAs) are used with an attempt to coordinate the decisions 
of the airlines (see Shumsky 2006). These SPAs are made between the alliance 
partners before starting the reservation period. They define rules to share the revenue 
of a flight ticket among the alliance partners. These rules usually include revenue 
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allocation schemes based on fixed proration rates or transfer prices. Since the value 
of a flight for an alliance partner depends on the allocation scheme, the capacity 
allocation decisions and the resulting revenues of the airlines are affected by the 
predetermined revenue sharing rules. Wynne (1995) describes a simple revenue 
sharing mechanism, used in practice, where each airline receives a portion from 
the fare of a flight proportional to the value of the flight leg it operates. Another 
commonly used proration scheme is to allocate the revenue proportional to the 
distance traveled on the flight legs operated by each airline (see Boyd 1998). 
However, such simple allocation rules may cause the airlines to be worse off in 
the alliance than operating alone or with a subset of alliance partners. In the long- 
term the existence of the alliance might be threatened, if the partners realize that 
being in the alliance is not profitable. In this study, we propose a revenue sharing 
mechanism based on the nucleolus, a solution concept of cooperative game theory, 
which ensures the stability of the passenger airline alliances. 

The first stream of the quantitative alliance revenue management research han- 
dles alliances having two partner airlines. Netessine and Shumsky (2005) analyze 
capacity control decisions of two airlines competing on a two-leg network. They use 
horizontal competition to describe the competition between airlines operating the 
same flight leg, whereas vertical competition to describe the competition between 
the airlines operating on complementary flight legs. In case of horizontal compe- 
tition, the demand observed by an airline is modeled depending on the booking 
limit of the competitor, since the customers who are denied by the competitor are 
regarded as additional demand. Netessine and Shumsky (2005) show that airlines 
reserve more seats for high-fare class customers in the presence of competition. 
The analysis of the vertical competition is restricted to problems with two fare 
classes. Each airline individually determines booking limits for the intraline and 
interline flights, which restrict the number of low-fare customers to be accepted. 
The difference of their work is that non-cooperative game theory is used to find the 
equilibrium booking limits of the airlines. They have observed that if the interline 
passengers belong to the low-fare class, the airlines tend to set lower booking 
limits and sell fewer number of interline tickets than in the centralized solution. 
If the interline passengers are high-fare class customers, the booking limits would 
be higher. Additionally, a revenue sharing mechanism based on transfer pricing 
is investigated in terms of its ability to coordinate the decisions of the airlines. 
The transfer prices for the interline flights are assumed to depend on the ratio 
of the expected number of interline passengers to the total expected number of 
passengers. Given this allocation rule, each airline makes its own capacity decisions. 
The expected alliance revenue is shown to be less than the one that would be 
obtained with a centralized decision management system. Netessine and Shumsky 
(2005) state that, in practice, alliance partners may compete both horizontally and 
vertically at the same time. However, there is no study addressing this question. 

Graf and Kimms (2011) propose an option-based approach for capacity manage- 
ment decisions of a parallel alliance composed of two members operating a single 
flight leg. An extension of that study is provided in Graf and Kimms (2010), which 
integrates a negotiation process where the transfer prices between the airlines of the 
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considered alliances are optimized. However, the problem of revenue sharing is not 
addressed in these studies. 

Wright et al. (2010) study an alliance composed of two airlines operating on 
multi-leg networks. They examine how the static and dynamic proration schemes 
affect the capacity allocation decisions of the airline partners and thereby the total 
alliance revenue. The transfer of bid prices is chosen as a dynamic proration scheme, 
which was proposed by Vinod (2005). The decentralized revenues obtained with 
different proration rules are compared with respect to their proximity to the revenue 
that would be obtained with a centralized decision management system. The study 
of Wright et al. (2010) emphasizes the complexity of implementing a dynamic 
proration scheme in a decentralized booking control policy and points out the use 
of approximation methods. In their work, Wright et al. (2010) assume that in each 
period, in addition to the transfer prices posted for each flight, the airlines know 
the capacity levels of their partner, the forecasts of future arrival probabilities and 
the revenue distributions. This assumption is relaxed in Wright (2010), where the 
transfer prices of the flights are the only information exchanged by the airlines. 
The major advantage of the proposed approach is that airlines need to consider 
only the state of their own network. It is observed that the proposed approach, 
with much less computational burden, performs nearly as well as the approach 
with complete information and in some cases even better. However, in both of the 
mentioned studies the developed techniques are applied to relatively small networks. 
In Chap. 8, we provide a new revenue sharing method to be implemented in a 
decentralized environment, which makes use of approximate, static bid prices found 
through the DLP model. 

Recently, there have been several studies dealing with alliance networks com- 
posed of more than two partners. Hu et al. (2010) examine revenue sharing 
rules and their impacts on the total alliance revenue. They develop a revenue 
sharing mechanism under which the decentralized system performs as well as the 
centralized one. However, the proposed mechanism cannot be used, since it requires 
the solution of the centralized system that contradicts with the decentralized setting. 
Therefore, they analyze simpler revenue sharing rules used in practice and observe 
that using proration rates based on public fares provides good results in terms 
of the alliance revenue. Topaloglu (2012) proposes revenue shares for multi-leg 
alliance networks, where the airlines make their capacity management decisions 
independently. He decomposes the alliance revenue management problem by the 
airlines and formulates deterministic linear programs to be solved by individual 
airlines. The revenue shares of the airlines are then obtained through the dual 
multipliers. Contrary to our study, Topaloglu (2012) assumes that the decision of 
accepting or rejecting an arriving request is given only by the airline selling the 
ticket and not by the other operating airlines. 
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3.3. Other Industries 


In the literature, there are studies handling revenue sharing problems faced by 
the strategic alliances in industries different from the passenger airline industry. 
This section presents a review of the mentioned alliances and the related research 
considering the problem of fair revenue sharing. 

Apart from the passenger airline industry, strategic alliances have commonly 
been formed in the air cargo industry. According to Houghtalen et al. (2011), 
SkyTeam Cargo and WOW Alliance are the major air cargo alliances. Houghtalen 
et al. (2011) deal with the determination of the transfer prices for the carriers col- 
laborating in air cargo alliances. They develop models which reveal transfer prices 
between the partners so that the decisions of the individual carriers coincide with the 
alliance’s optimal decisions. Using tools of cooperative game theory, they analyze 
whether the allocations, obtained by using these models, are desirable by the alliance 
partners. As listed by Kasilingam (1996), there are certain differences between air 
cargo and passenger revenue management problems like the characteristics of the 
capacity and the flexibility of the routes. For this reason, the problem of fair revenue 
sharing in these two industries has to be analyzed and modeled differently. In their 
study, Agarwal et al. (2009) discuss the fairness aspect in air cargo alliances and 
investigate several cost allocation mechanisms. They do not necessarily restrict the 
fair allocations to the stable allocation vectors and introduce a new rule, where the 
benefits gained from collaborating are allocated to the carriers as equally as possible. 

Strategic alliances are also prevalent in liner shipping industry. According to a 
recent article of Wright (2011), the major liner shipping alliances are: the Grand 
Alliance, the New World Alliance and the CK YH Alliance. In the literature, there 
are several publications providing an overview on the development of strategic 
alliances in the liner shipping industry (see e.g., Midoro and Pitto 2000; Slack 
et al. 2002; Song and Panayides 2002). Among them, Song and Panayides (2002) 
discuss the instability of a liner shipping alliance and examine how successful the 
tools of cooperative game theory are in explaining this instability. Furthermore, a 
payoff allocation rule is proposed, where the carriers receive a profit proportional 
to their shipping capacity. However, the stability of the alliance is not guaranteed 
under all the possible realizations of the capacity levels. Agarwal and Ergun (2010) 
design mechanisms for allocating the costs and benefits of liner shipping alliances 
among the members. The proposed mechanism aims to create incentives for the 
carriers such that they give decisions, which are also optimal for the alliance 
while concerning their own interests. It provides in most cases an allocation vector 
resulting in a stable alliance. The integration of a constraint generation procedure 
used in this study is pointed out by Agarwal and Ergun (2010) as a further research 
direction to obtain solutions for the problems with bigger alliances. 

Finally, revenue sharing has been studied as a contract type to coordinate the 
decisions of supply chain partners. A review of the use of the revenue sharing 
contracts in supply chains is provided by Cachon and Lariviere (2005). However, 
Shumsky (2006) and Hu et al. (2010) note that the problem setting in an airline 
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alliance is different than the one in a typical supply chain in their opinion. First, in 
an alliance network, multiple products are offered, which require multiple resources. 
Moreover a resource, in this case a seat, can be used for multiple products. Second, 
a seat is perishable and cannot be stored as inventory. Finally, in airline alliances, 
the players are not differentiated clearly like in a typical supply chain. Contrary to 
supply chains, airlines create products by sharing the capacities on their flight legs, 
for which it is not defined who the manufacturer or the retailer is. 
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Chapter 4 
Selected Topics in Cooperative Game Theory 


Cooperative game theory provides solutions for allocating the cost or payoff of a 
cooperation among its partners. The aim of this chapter is to present the theoretical 
basis of these solution concepts and review their applications to various allocation 
problems. After a brief introduction to game theory, cooperative games and their 
properties are described. For a game on hand, different solutions usually result in 
allocations having different properties. Section 4.5 discusses the major properties 
of payoff allocations. Thereafter, the well known solution concepts are presented. 
In this study, we develop nucleolus-based revenue shares for passenger airline 
alliances. Therefore, special focus is given to the solution concepts related to the 
nucleolus. Finally, a literature review on the applications of cooperative game theory 
and its solution concepts to various cost/payoff allocation problems is presented. 


4.1 Defining Game Theory 


A general definition for game theory is given in the textbook of Osborne and 
Rubinstein (1994): 


Game theory is a bag of analytical tools designed to help us understand the phenomena that 
we observe when decision makers interact. 


More specifically, game theory is a discipline analyzing conflict and cooperation 
situations among decision makers through mathematical models. A decision maker 
is referred to as a player, whose decisions are influenced by the actions or strategies 
of other players. Osborne and Rubinstein (1994) describe two fundamental assump- 
tions of game theory regarding players. First, players are rational: i.e., they choose 
to do the best action in accordance with their objectives. Second, players behave 
strategically such that they consider the behavior or expectations of other players. 
Early research in the field of game theory includes the works of Edgeworth 
(1881) and von Neumann (1928), among others. However, they have paid little 
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attention to the application of the game theory to economics. The seminal work of 
John von Neumann and Oskar Morgenstern published in 1944 (see von Neumann 
and Morgenstern 2004) has been written with an attempt to attract the social 
scientists and propose to use game theory for analyzing the problems falling within 
the area of economics. That study is regarded as the start of modern game theory. 

Game theory is classified by von Neumann and Morgenstern (2004) in two main 
branches: non-cooperative and cooperative game theory. They differ in terms of the 
theoretical basis and the methodology used. In non-cooperative games, each player 
has a set of possible strategies and tries to choose the best strategy maximizing 
his/her own utility. The players make their decisions independently by taking the 
possible strategies of the other players into account. For non-cooperative games, 
Nash (1951) develops the theory of equilibrium, which is the most famous solution 
concept known as Nash Equilibrium. A Nash equilibrium is a set of strategies, where 
no player can increase its payoff by unilaterally changing his strategy. Following 
the pioneer work of Nash (1951), several refinements of the Nash Equilibrium have 
been proposed. Selten (1975) introduces the concept of perfect equilibrium, which 
has been further refined by Myerson (1978) to the concept of proper equilibrium. 
As another extension of Nash equilibrium, Harsanyi (1967, 1968b,a) model games 
with incomplete information, the so-called Bayesian games, where some players are 
uncertain about certain components of the game like payoffs or available strategies 
of other players. In 1994, Harsanyi, Nash and Selten were awarded with the Nobel 
Prize in economics for their contributions to game theory. 

The second branch is the cooperative game theory, which falls into the scope of 
our study. The main assumption of cooperative game theory distinguishing it from 
non-cooperative game theory is that in a cooperative game players can make binding 
agreements about their strategies. Hence, coalitions can be formed between any set 
of players and the players can agree to play to the benefit of the coalition. Therefore, 
in contrast to the non-cooperative game theory, which focuses on the strategies of 
individual players, cooperative game theory focuses on what the group of players 
can get. Consequently, in a cooperative game, it is important what a coalition 
can achieve and not the details of how it is achieved. In line with this argument, 
Fudenberg and Tirole (1991) note that in non-cooperative games, decisions of the 
players are based only on their self interest, whereas in cooperative games fairness 
considerations play an essential role. In the succeeding chapters of this study, we 
will discuss the fairness issue in more detail. 

The study of Nash (1951) handles cooperations involving two players as a 
bargaining problem, where players engage in a process of negotiating to maximize 
their utility. Nash (1953) argues that such cooperative games can be solved using the 
tools of non-cooperative game theory and provides two solution approaches: non- 
cooperative and axiomatic. In the former one, the cooperative game is reduced to 
a non-cooperative game. In the latter one, several axioms are defined representing 
the desirable properties that a solution would have. The solution is then determined 
uniquely through these axioms. The non-cooperative approach has been discussed in 
Myerson (1991), Chap. 8, which states that, taking all possible contracts available to 
the players into account, one may come up a with a huge set of equilibria. Therefore, 
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another theory is needed to determine a cooperative equilibrium. Likewise, Nash 
(1953) indicates that these two approaches are complementary. 

The following sections of this chapter is devoted to cooperative game theory 
approaches for determining the payoffs of cooperating players. The major theoret- 
ical and applied works in the area of cooperative games are referred in Sects. 4.6 
and 4.7. Note that the scope of this study is restricted to cooperative game theory 
and its selected solution concepts. Other topics in the field of game theory are 
extensively covered in Fudenberg and Tirole (1991), Myerson (1991) and Owen 
(2001). 


4.2 Cooperative Game Theory 


Cooperative game theory provides tools to determine the payoffs of players who 
come together to create a common value. As it was mentioned in the previous 
section, the theory concentrates on the outcome of the game and not on the 
individual actions of the players giving rise to the outcome. Nagarajan and So%i¢ 
(2008) summarize the major questions that cooperative game theory tries to answer 
as: What value can the players achieve? Which coalitions will be formed? How 
will be the value shared among the players? Which outcomes are possible? Are 
the outcomes stable? Note that with the outcome of a cooperative game we mean a 
solution vector, which defines the payoff that each player gets in the cooperation. 

Following the work of Nash (1953), there have been several research efforts 
providing different solution concepts for cooperative games. These concepts define 
how the value of a cooperation is going to be allocated to the players. Section 4.6 
covers the most common ones of them, but at this point we briefly present their 
historical development. The work of Shapley (1953) proposes the well known 
concept Shapley Value, which is a unique solution satisfying some specified 
axiomatic characterizations. Another famous concept, the core, is introduced by 
Gillies (1959) to game theory, the idea of which is actually first suggested by 
Edgeworth (1881) under the term contract curve. Different than the Shapley Value, 
core is a set-valued solution. The notion of nucleolus, which is the focus in our 
study, is developed by Schmeidler (1969). 

In general, it cannot be argued that one concept is superior to another. The choice 
of which one to use depends on the properties that the outcome is desired to have. 
In Sect. 6.1, we will motivate the use of nucleolus for the revenue sharing problem 
of strategic passenger airline alliances. Apart from the above mentioned notions, 
there exist other solution concepts in the literature, which are included in this study: 
€-core (Shapley and Shubik 1966), least-core (Maschler et al. 1979), kernel (Davis 
and Maschler 1965), Owen set (Owen 1975). 

A broad stream of research in cooperative game theory is dedicated to investigate 
the general properties of the above described solution concepts, their existence as 
well as characteristics for some specific games. The research on developing methods 
for computing these solutions, in contrast, is rare. We refer to these studies in the 
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following parts while introducing the related solution concept. Additionally, there 
exist several textbooks covering detailed information on cooperative game theory, 
which include Osborne and Rubinstein (1994), Owen (2001), Myerson (1991) and 
Peleg and Sudhdlter (2007), among others. 


4.3 Representation of a Cooperative Game 


Cooperative games are classified under two categories depending on whether or not 
the value generated by a cooperation can freely be shared among the partners. The 
first category includes the transferable utility (TU) games, which were introduced 
in the pioneer work of von Neumann and Morgenstern (2004). TU Games allow 
side payments between the players facilitating them to transfer utility and realize 
many more outcomes. The main assumption for the side payments is the existence 
of a common commodity (like money) that can be transferred between the players 
without any restrictions. Moreover, the utility is transferable, if the players have a 
linear utility for the commodity (money) so that a unit decrease in the commodity of 
a player causes a unit increase in the utility of the player receiving the commodity 
(see Luce and Raiffa 1957, p. 168). In other words, the commodity can be transferred 
between the players in any way without effecting the total utility. Thus, all the 
outcomes of the game can be attained, if the values of all the coalitions possible to 
be built among the players are known. Following the work of von Neumann and 
Morgenstern, Peleg (1963) introduced non-transferable utility (NTU) games, where 
the above assumptions are not required. This study considers only TU Games and 
whenever we refer to a cooperative game, it is meant to be a TU Game. The reader 
is referred to Peleg and Sudhdlter (2007) for more information on NTU games and 
the related solution concepts. 

In the following, we give definitions and notations to represent a cooperative 
game and its outcome. A cooperative game with transferable utilities is defined 
through a pair (N, v), where 


e N = {1,...,|N|} is a set of players 
e visa characteristic function. 


Each subset S of the player set N is considered as a coalition and the set N is 
referred to as the grand coalition. The characteristic function v assigns a real value 
v(S) to each coalition S C N , which refers to the maximum value (in a profit game) 
that the players in S together can achieve. In general, the characteristic function 
maps the subsets of N to real numbers such that v : 2“) —> R. The terms value of 
a coalition or the coalitional value are used to define v(S). It is assumed that the 
players not belonging to S do not have any influence on v(S). Moreover, v (Ø) = 0. 

A solution is a mapping that assigns a set of allocation vectors to the cooperative 
game (N,v). Let 2; denote the payoff assigned to the playeri € N, the vector 
m = (T1, ... , y|) represents an allocation for the total payoff of the game. 

At this point it is worth to differentiate between cost and profit games. In case of 
a cost allocation problem, we have a cost game on hand and the vector x defines a 
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cost allocation. If we deal with allocating a profit or revenue, we have a profit game 
and x provides a payoff allocation. Since we consider a profit game, the analyses 
are given based on the profit games. 


4.4 Properties of Cooperative Games 


In this section, we outline some useful properties of cooperative games (or 
characteristic functions), which aid in assessing the applicability of the solutions 
to a game in question. 

A fundamental property is the monotonicity. Accordingly, a cooperative game is 
monotone if and only if the characteristic function is non-decreasing with the size 
of the coalition. Mathematically, it is expressed as 


v(S)<v(T) for SCTCN. (4.1) 


Consider a player i and any coalition S$ C N \ i. It follows from (4.1) that v(S U 
{i})—v(S) > 0 foralli € N. Hence, in a monotone game, the marginal contribution 
of each player i to any coalition is non-negative and the value of a coalition does 
not decrease when an additional player joins it. 

A key property of the cooperative game theory is the superadditivity, which indi- 
cates whether the players have an incentive to cooperate. In a superadditive game, 
it is assured that if two disjoint coalitions join together, they can achieve at least as 
much as by working separate. Thus, there may be additional gains to be realized 
through cooperating. The property is satisfied if the following condition is met: 


v(SUT)>v(S)+v(T) fr S,TCN, SAT =Ø, (4.2) 


As it will be shown in Chap.5, the game that we consider in this study is 
superadditive. Otherwise, if the players would not have any incentive to cooperate, 
there would not be any problem of allocating the payoff among the players. 

An important class of games having nice properties are the convex games 
introduced by Shapley (1971). A game is convex if and only if for alli € N 


v(S U fi}) — v(S) < v(T U f{i}) — v(T) for S CT CN \ fit. (4.3) 


The above definition implies that, in convex games, the marginal contribution of 
a player to the coalitional value when he joins a coalition is less than or equal to 
the one when he joins a larger coalition. In other words, the benefit created through 
adding one more player to a coalition is non-decreasing with the size of the coalition. 
Shapley (1971) gives an equivalent definition for the convexity of a profit game: 


v(S)+ v0(T) < v(SUT)+v(SOT)_ forall S,T CN. (4.4) 
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The condition (4.4) can be interpreted as follows: If any two coalitions (not 
necessarily disjoint) join together, the value of their union and their intersection 
is at least as much as the sum of the value of these coalitions. Note that convexity 
implies superadditivity by definition. Hence, convexity is a stronger property than 
superadditivity and each convex game is also superadditive. 


4.5 Properties of Payoff Allocations 


So far we have seen the properties of the characteristic functions, which help us 
to understand the characteristics of the game on hand. It is, however, interesting 
to know which properties the payoff allocations have so that the one/ones with 
desirable properties can be obtained. The question is addressed in this section. 

An allocation x is regarded as efficient, when the payoff that the grand coalition 
earns is fully allocated to the players. That is, 


X ri = v(N). (4.5) 


iEN 


An efficient allocation vector represents a preimputation, (PT), for a cooperative 
game. Hence, the set of all preimputations of a game (N, v), denoted by PT (N, v), 
is defined by 
PI(N, v) = {x € RMI] X m; = v(N)}. 
iEN 
To ensure that none of the players will leave the grand coalition, the allocation 
should satisfy the individual rationality condition. That is, the players will not earn 
less in the grand coalition than they earn acting alone such that 


mi > v({i}) foralli € N. (4.6) 


An allocation, which is efficient and in which all of the players are better off com- 
pared to acting alone is called an imputation. Thus, an imputation is an allocation 
vector satisfying (4.5) and (4.6), whereas a preimputation only satisfies (4.5). Let 
the set of imputations of a game (N, v) be Z(N, v), which is defined as 


I(N,v)= {r € RIM $ z; = v(N) and x; > v({i}), for alli € N}. 
IEN 


Clearly, the imputation set of a game may contain many allocation vectors. However, 
it is not easy to determine which one of those imputations to select for a fair 
allocation. The solution is trivial for the class of inessential games, where 


v(N) = J vli». (4.7) 


iEN 
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The conditions (4.6) and (4.7) imply that the imputation set consists of a single 
point for inessential games, which is the unique solution for the game. Hence, it is 
challenging to find fair payoff allocations for the essential games, where v(N) > 
yen VC{i}). A major question arising is whether all the imputations are candidates 
for a fair allocation. The same question can be stated as follows: Is the fulfillment of 
the efficiency and individual rationality enough for a fair allocation or which other 
criteria should be considered? The solution concepts of the cooperative game theory 
give answers to these questions. In the following, we review some well known game 
theoretic payoff allocation mechanisms and their properties. 


4.6 Game Theoretical Solution Concepts 


4.6.1 The Core 


The core is perhaps the most known solution concept of cooperative game theory for 
allocating the cost or benefit of a cooperation to its members. Accordingly, the core 
of a cooperative game is the set of all stable payoff allocations. A stable allocation 
guarantees that none of the players would prefer to leave the grand coalition and 
operate alone or with a subset of players. Hence, the core of a cooperative game is 
a solution assigning payoff allocations, which keep the players in N together and 
provide the stability of the cooperation. 

An arbitrary imputation does not guarantee that the grand coalition will not 
be broken up. It only makes sure that none of the players would prefer operating 
alone. However, not individual players, but a group of players may still realize 
that they earn higher payoffs by operating without others and sharing v(S) among 
themselves. If this is the case, the players would break the grand coalition and build 
subcoalitions, which do not contain all the players of N. To ensure the stability 
of the grand coalition, the following condition of coalitional or group rationality 
should be satisfied in addition to the efficiency condition: 


Yim = v(S) forall S CN. (4.8) 


ieS 


Intuitively speaking, the core of a cooperative game contains the payoff allocations, 
where none of the coalitions would be better off by breaking the grand coalition. 
Observe that coalitional rationality implies also individual rationality. In that sense, 
the core is the set of efficient allocations satisfying the property of coalitional 
rationality. Formally, the core C(N, v) of a cooperative game is defined as 


C(N, v) = {x E€ RMI] X m; =v(N), X` m = v(S), SCN, S ZB}. 


iEN ieS 
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Hence, the core is the set of allocation vectors 2, which are efficient and coali- 
tionally rational. By definition, the core of a game (N,v) is a bounded convex 
polyhedron with at most |N | — 1 dimensions. 

We illustrate the concept through a numerical example. Consider a game with 
three players, where the coalitional values are given as follows: 


vty) = 0, 
v({1}) = 10, v{2}) = v{3}) = 20 
v({1,2}) = 40, v({1,3}) = 45, v({2, 3}) = 50 
v({1, 2, 3}) = 80 


Hence, the core of the game consists of the allocation vectors 7 = (7, 72,73), 
where the conditions given below are satisfied: 


mı > 10, m >20, 23> 20 (4.9) 
mı +m > 40, mi +m > 45, m +m > 50 (4.10) 
Tı + m2 + m3 = 80 (4.11) 


Condition (4.11) defines the set of efficient allocation vectors, which defines a 
plane (see Fig.4.1). Each of the rationality conditions given in (4.9) and (4.10) 
divides the plane into two regions depending on whether the condition is satisfied 
or not. The intersection of the regions satisfying the conditions corresponds to the 
core of the game, which is represented by the gray area. If these conditions are 
inconsistent, the core of the game is empty. 

In the literature, the core is usually defined in relation with the dominance 
property. Accordingly, the core of a cooperative game is the set of all non-dominated 
imputations (see e.g., Owen 2001, p. 218). An imputation z is said to dominate 
the imputation 7 through the coalition S, notated with m >, T, if the following 
conditions are met: 

O v(S) = Dia; 

ies 
(ii) a; > 7; foralli e S 
The condition (i) ensures that the dominating payoff vector m is feasible for the 
coalition. In other words, the coalition is able to realize the payoff assigned by z 
and distribute it among themselves. The condition (ii) indicates that every member 
of the coalition S prefers the imputation z to 7 , since he/she gets more in 7 than 
in 7. Hence, the imputation z dominates 7 through the coalition S. 

The non-dominance property of a core allocation can be explained in the 
following way: Let z be any imputation and 7 be a core element. Suppose that 
mz; > 7; for alli € S. Since 7% satisfies individual and coalitional rationality, it 


follows that v(S) < X` m. Hence, T cannot be dominated by any vector m (see 
ieS 
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Fig. 4.1 The core of the numerical example 


Owen 2001, p. 219). Consider two imputations z and 7 for the numerical example 
given above, where z = (20, 35, 25) and 7 = (15, 45, 20). It can easily be checked 
that x dominates 7 through the coalition {1, 3}. Firstly, the feasibility condition is 
satisfied, since the sum of the payoffs of the first and third player in 2 corresponds 
to the amount that the coalition {1,3} can obtain without the remaining players in 
the set N. The condition (ii) is also satisfied, since both the first and the third player 
receive more payoff in x than in 7. Observe that the dominated allocation F? is 
not contained in the core of the game, since it does not satisfy all the rationality 
conditions given in (4.9) and (4.10). In this example, an imputation outside the core 
is dominated by a core allocation, but this is not necessarily the case. An imputation 
may also be dominated by another imputation, which also does not belong to the 
core. However, an allocation in the core is not dominated by any other allocation, 
since the core of a cooperative game is the set of all non-dominated imputations. 

The difficulty of working with the core is that it may not always exist and even 
if it exists, it usually does not consist of only a single allocation vector. Hence, 
there are many solutions providing the stability of the cooperation, but each of them 
probably turns out to the advantage of different players. If this is the case, additional 
fairness criteria need to be defined in order to select a proper core element for the 
considered allocation problem. 
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4.6.2 Existence of the Core 


A fundamental research in cooperative games is devoted to prove the existence or 
non-existence of the core. It has already been shown in previous studies that the 
core of certain class of games is non-empty. Bondareva (1963) and Shapley (1967) 
provide a necessary and sufficient condition that a cooperative game has a non- 
empty core if and only if it is balanced. 

Let B be a set of coalitions in a cooperative game. B is called a balanced 
collection of coalitions, if there exist positive numbers ws for all S € B such that 


ws=1 foralli €N. (4.12) 
SEB:iES 


As an example, let N = {1,2,3}. The set B = {{1, 2}, {1, 3}, {2, 3}} is a balanced 
collection with the balancing weights w412} = wț,3} = W{2,3} = 1/2. In general, 
any partition of N is a balanced collection. The set N is itself a balanced collection 
with the balancing weight wy; 7.3; = 1. The following definition states the condition 
for which a game is balanced. 

A game (N,v) is balanced, if for every balanced collection B and for every 
balancing weights ws, S € B we have 


Y= wsv(S) < v(N). (4.13) 


SEB 


The definitions given in (4.12) and (4.13) can be interpreted in the following way 
(see Osborne and Rubinstein 1994, p. 262): Each player has a unit of time and 
allocates ws fraction of it to the coalition S € B he or she is a member of. During 
this fraction of time wg, the coalition earns a value of wsv(S). The balancing 
weights define the feasibility condition that the total fraction of a player’s time 
allocated to the coalitions does not exceed one unit. A game is balanced, if there 
exists no feasible allocation of time giving the players a payoff of more than v(V). 
As an example for a balanced game, consider a three-player game, where 


5, ifS=N, 
v(S) = 44, for S = {1,2}, {1, 3} or {2, 3} 
0, otherwise. 


Consider the balanced collection B = {{1,2}, {1,3}, {2,3}} with the balancing 
weights wa2) = wo3} = we3} = 1/2. In this case, }) se, wsv(S) is equal to 
6, which is greater than v(N). Hence, the game is not balanced. In Chap. 5, we will 
prove that the core of the airline alliance revenue management game is non-empty 
through showing that the game is balanced. 
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Note that a game (N, v) is totally balanced, if the subgame (T, vT) is balanced 
for every T C N, T 4 Q. Here, v? is the same function as v, but its domain is 
restricted to the subsets of T, ie., v'(S) = v(S) for all § C T (see Peleg and 
Sudhdélter 2007, p. 33). 

Another way of showing the non-emptiness of the core is the property of 
convexity, since it has been proven in Shapley (1971) that convex games have non- 
empty cores. The convexity of a game can be characterized by using the concept 
of marginal vectors. According to Shapley (1971) and Ichiishi (1981), a game is 
convex if and only if all the marginal vectors are core elements. Before introducing 
the marginal vectors, it is useful to begin with some definitions. Let I7(N) be the 
set of the permutations on N and ø € T(N) defines any order of the players in the 
set N. That is, ø is a one-to-one function o : {1,...,|N|} —> N, where o(i) = j 
means that the player j is placed at the ith position in the ordering o. Define P7 as 
the set of players placed before the player i in the order ø. That is, 


P? := {j E N |o(j) <a) }. (4.14) 


The marginal vector with respect to the order 0 € JT(N) is defined as the vector 
M(v)° with the components 


Me? (v) = v(P? U {i}) — v(P?) for alli € N. (4.15) 


Hence, the marginal vector M°(v) contains the marginal contributions of the 
players in the order o. In any cooperative game (N, v), there are |N |! possible orders 
for the players, which result in ||! marginal vectors. The work of Weber (1988) 
examines the convex hull of the marginal vectors, also known as the Weber set in 
the literature and denoted through W (N, v), which is defined as 


WAN,» ={ X Mw) XO =l} (416) 


o€lI(N) o€lT(N) 


Weber (1988) shows that the convex hull of the marginal vectors contains the core 
of any game such that 


C(N,v) C W(N, v). (4.17) 


Moreover, for convex games, the Weber set is equal to the core of the game. 
Thus, C(v) = W(v), and the marginal vectors coincide with the extreme points 
of the core. Hence, all the marginal vectors are contained in the core of the game 
and any core allocation can be found as a convex combination of the marginal 
vectors. 

Cooperative game theory provides tools that can be applied also when the core 
is empty. The solution concept nucleolus, which is the focus of this study, is one 
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of them. Before continuing with the nucleolus, we would like to introduce some 
concepts, which are regarded as relatives of the core and lead to the development of 
the nucleolus. 


4.6.3 The e-Core 


Shapley and Shubik (1966) introduce the concept of €-core, which is especially 
useful to analyze the games with non-empty cores. They differentiate between the 
strong and weak e-core. Let € be a real number, the strong €-core is the set of payoff 
vectors satisfying 


CETE CN, v) = {x ERM! St; = v(N), Dm; = v(S)—€, SCN, S FO}. 
iEN iES 


(4.18) 


The above definition can be interpreted in the following way: Suppose that a 
fixed cost of € > 0 incurs for forming any coalition S C N. None of the players in 
coalition S would prefer to break the grand coalition if the payoff received is at least 
as much as v(S)—e. Similarly, an € < 0 can be thought as a bonus of —e for forming 
any coalition. In this case, the grand coalition is stable if the sum of the payoffs of 
the players in any coalition S is at least as much as v (S) plus this reward, also again 
v(S) — e. In the weak e-core, the cost of forming a coalition depends on the size of 
the coalition. However, we do not include it here and use just the notation C,(N, v) 
to refer to the strong €-core. It is clear by definition (4.18) that for sufficiently large 
€, the €-core always exists in every cooperative game, regardless of whether the core 
is empty or not. Obviously, the core is identical to the e-core where e = 0. That is, 
C(N, v) = Co(N, v). 

Maschler et al. (1979) formulate the €-core through the so-called excess values. 
Let e(S, 2) denote the excess of a coalition at an allocation z. The definition for 
e(S, 7) is given as 

e(S,x) = v(S)— Yo ny. (4.19) 
ies 

The excess of a coalition S refers to the difference between the value of the 
coalition, which is the amount that the coalition could obtain without the remaining 
players j € N \ S, and the total payoff assigned to the players i € S in the grand 
coalition N. Accordingly, the €-core is defined as 


C.(N,v) = (1 € RM! Sn; = v(N), e(S,z) <€, SCN,S AO}. (4.20) 
1EN 


Hence e€-core is the set of allocations, where the excesses of the coalitions are not 
greater than €. Observe, if the core of the game is not empty, the excesses of all the 
coalitions and thereby e will be non-positive. 


4.6 Game Theoretical Solution Concepts 55 
4.6.4 The Least-Core 


The least-core, introduced by Maschler et al. (1979), is the most similar solution 
concept to the nucleolus. It is the intersection of all the non-empty ¢€-cores. Let 
CŁ(N, v) denote the least-core of a game, which is mathematically expressed as: 


CŁ(N, v) = () C.(N,v). (4.21) 
e€€R:C. (N,v) 4B 


The definition (4.21) implies that the least-core is the smallest non-empty €-core. 
Let e, denote the smallest € for which C,(N, v) is not empty. Then, 


C*(N,v) = Ca (N, v). (4.22) 


Using (4.20) and (4.21), the least-core of a game is described as the set of payoff 
allocations, which minimize the maximum excess of the coalitions in a game. 
Hence, €, corresponds to the minmax excess of the game, where 


€s = min max e(S,z). (4.23) 
xET(N,v) SCN,S#øØ 


Maschler et al. (1979) examine the core, €-core and the least-core of a game with 
their relations. The least-core of a game always exists, even if the core is empty. If 
the core of a game is not empty, it holds that €, < 0 and the least core of a game 
corresponds to a locus or a point centrally located within the core. Furthermore, if 
€, = 0, then C4(N,v) = C(N,v). Since the least core contains the allocations, 
where the excess values are not greater than €,, the excess of at least one coalition 
will be equal to e, in the least core. Therefore, the least-core of a game has at most 
|N| — 2 dimensions. 

Figure 4.2 illustrates the core, the €-core for € = 10 and the least-core of the 
game given in the example presented in Sect. 4.6.1. The light gray area including 
the core corresponds to the €-core of the game for €e = 10. It is the intersection 
of the regions satisfying the condition )7,.. 7; > v(S$)—10forallS CN, S #9. 
The line inside the core represents the least-core of the game with €, being equal 
to —7.5. Hence, it is not possible to have an allocation, where the excess of all the 
coalitions is smaller than —7.5. 

Consider the allocation vector mpc = (22.5,27.5,30). Table 4.1 shows the 
excess values of the coalitions with respect to mzc. Since the maximum excess of 
the coalitions is —7.5, the allocation lies in the least core of the game. The excesses 
of the coalitions {2} and {1,3} are —7.5 and cannot further be minimized. The 
computation of €, (minmax excess) will be explained in Chap. 6, when the algorithm 
used for obtaining the nucleolus is described. 

Apart from the concepts discussed above, Alparslan-Gok et al. (2008) and 
Drechsel and Kimms (2009) study the interval core, which is developed to handle 
cooperations with uncertain outcomes. Moreover, Drechsel and Kimms (2010b) 
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(0,0,80) 





(80,0,0) (0,80,0) 


Fig. 4.2. The core, the €-core and the least-core of the example 


Table 4.1 Excess values of S {1} {2} {3} {, 2} {, 3} {2, 3} 
the coalitions at the least-core ER 
e(S, 7) 12.5 7.5 10 10 75 75 





introduce the concept of subcoalition-perfect core to be used when the characteristic 
function is not monotone. In this study we provide fair revenue shares based on 
the nucleolus. Therefore, we restrict ourselves to the solution concepts that are 
important to gain better insight in stable allocations and nucleolus. For other solution 
concepts related to the core, we refer to Drechsel (2010). 


4.6.5 The Nucleolus 


Nucleolus is a solution concept of cooperative game theory introduced by 
Schmeidler (1969). It provides an imputation, which lexicographically minimizes 
the maximum excess among the coalitions in a cooperative game. Recall the 
definition for e(S,z) given in (4.19). By definition, the excess of a coalition 
measures how worse is the total payoff allocated to the members of the coalition 
compared to the value of the coalition. Therefore, in the literature, the excess 
term is interpreted as the “unhappiness” or “dissatisfaction” of a coalition at an 
allocation vector (see Maschler et al. 1979; Tijs and Driessen 1986; Leng and Parlar 
2010). In that sense, nucleolus is the imputation, which lexicographically minimizes 
the maximum unhappiness among all the coalitions in a game. The process of 


4.6 Game Theoretical Solution Concepts 57 


Table 4.2 Numerical example illustrating lexicographic comparison 











ws) 4. #5 +6 12 13 12 18 
Table 4.3 Excess values of mMm m B} {L23 {1,3} {2,3} 
the coalitions at x and 7 zS.) 2 1 0o 0 10 OF 
eS) 1-1-1 1 td 


lexicographic minimization differentiates nucleolus from the least core. In that 
sense, nucleolus can be seen as an extension of the least core. The nucleolus first 
finds the unhappiest coalition and increases its payoff as much as possible and then 
continues to do the same for the next unhappiest coalition until there is no possibility 
to make any coalition happier. It is usually associated with Rawls’ welfare criterion 
(see e.g., Young 1994, p. 10), which requires that the utility function of the least 
well-off person be maximized. 

Before giving the formal definition of nucleolus, let us first explain how the 
excess values of the coalitions are lexicographically minimized. Further details are 
provided in e.g., Maschler (1992), Owen (2001) and Peleg and Sudhdlter (2007). 
Let €, (st) be the kth largest excess with respect to the allocation m, where k = 
1,...,2!N! — 2. Hence, €\(s) refers to the maximum excess among the coalitions 
S CN,S #ø,ie., 


elr) = aa (o — a m) ; (4.24) 


ieS 


We define the vector (zr), whose components are the excesses of the coalitions 
S C N, S + @ at the allocation z arranged in non-increasing order. That is, 


O(x) = (e (7), e7), ..., EN ()). 


Note that the vector © (7x) has 2IN1 — 2 elements, because it contains the non-trivial 
excesses, i.e., excesses for the coalitions S C N, S # Ø. The following example 
illustrates lexicographic ordering of the excess vectors ©(z:) in a cooperative game. 

Suppose that we have a cooperative game composed of three players with the 
coalitional values given in Table 4.2. Consider two allocation vectors denoted by z 
and 7. The vector O(zr) is said to be lexicographically smaller than ©(7) if there 
exists an integer p, 1 <p < 2NI — 2, such that O; (x) = O; (T) for 1 < i < p and 
O,() < © (T). The following example illustrates the lexicographic comparison of 
two allocation vectors. Let x = (6, 6,6) and T = (5,6, 7). Using (4.19) we obtain 
the excess values presented in Table 4.3 for each coalition with respect to these two 
allocation vectors. Arranging the excesses of the coalitions in non-increasing order, 
we obtain ©(z) = (1, 0, 0, 0, -1, —2) and @(7) = (1, 1, -1, —1, —1, —1). Since 
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Table 4.4 Excess values of the coalitions at the nucleolus 


S th B 3} (1,2) 1,3} {2,3} 
e(S,m) —11.25 -7.5 —11.25 —8.75 -75  —8.75 








Oı(x) = Oı(T) = 1, but @2(x) = 0 < 1 = © (7), the allocation vector x is 
lexicographically smaller than the allocation vector 7. 

Cooperative game theory distinguishes between the prenucleolus and nucleolus 
of a game. The prenucleolus, denoted by PN(N,v), is the set of all efficient 
allocation vectors (preimputations) satisfying the following condition: 


PN (N,v) = {x € PL(N, v)|O(z) < OCF) for all 7 € PI(N,v)}. (4.25) 
The nucleolus, represented by N (N, v), on the other hand, is defined as 
N(N, v) = {r € T(N, v)|O(n) < O(T) forall T € T(N, v)}. (4.26) 


Thus, nucleolus is the set of imputations minimizing the vector @(z). The 
difference between the prenucleolus and nucleolus is that the former does not 
necessarily satisfy individual rationality. However, these two concepts coincide 
for superadditive games (see Potters and Tijs 1992, for a proof) indicating that 
the prenucleolus is individually rational. The game considered in this study is 
superadditive as it will be shown in the next chapter. Therefore, no distinction is 
made between a preimputation and imputation such that nucleolus refers to the 
efficient payoff allocation, which lexicographically minimizes the maximum excess 
of the coalitions in a cooperative game. 

Schmeidler (1969) shows that the nucleolus consists of a single point (see also 
Owen 2001, p. 326, for the proof). Therefore, whenever we refer to nucleolus, 
we mean a unique payoff allocation vector. The nucleolus of the example given 
in Sect. 4.6.1 is the allocation vector m = (21.25, 27.5, 31.25) resulting in the 
excess values presented in Table 4.4. It coincides with a single point in the least- 
core of the game. Note that nucleolus is the lexicographically smallest allocation 
vector of a cooperative game. Clearly, in the above example, the allocation zy is 
lexicographically smaller than the allocation mc. 

The nucleolus has nice properties making it an attractive solution concept to be 
used in cost/benefit allocations. First of all, in contrast to the core, the nucleolus 
of a cooperative game always exists. Furthermore, it always lies in the core, if the 
core is not empty (see Schmeidler 1969, for the proof). In this thesis, we handle a 
game with non-empty core. Therefore, nucleolus provides stable payoff allocations 
for our problem. 

According to Maschler et al. (1979), one drawback of the nucleolus is that it does 
not satisfy the monotonicity property, which examines how the solutions implied 
by an allocation concept change with changes in the characteristic function of a 
game. In the literature, there exist several concepts related to monotonicity. Megiddo 
(1974) introduces the principle of aggregate monotonicity for cooperative games, 
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which states that if the value of the grand coalition increases without any change 
in the values of all other coalitions, then none of the players should get less payoff 
than before. In an allocation satisfying the aggregate monotonicity, it is guaranteed 
that the payoff of each player increases with the increase in the total value of the 
cooperation. In a cost allocation problem, monotonicity implies that none of the 
players should benefit from an increase in the total cost of the grand coalition. 

According to Young (1985), an allocation is monotonic in aggregate if for every 
pair of games (N, v) and (N, D), where 


P(N) > v(N) and (4.27) 
D(S) = v(S) forall S CN, (4.28) 


the following holds: ; (0) > 2; (v) for alli € N. Note, ;(v) and x; (V) denote the 
payoff of the player i in the games (N, v) and (N, D), respectively. 

Megiddo (1974) shows that the nucleolus is not monotonic in aggregate. The 
following example taken from Hokari (2000) illustrates that the nucleolus does not 
always provide an aggregate monotonic allocation. Consider a cooperative game 
with four players. Let 


vty) = 0, 

vD = v2) = v3) = v44) = 0, 

v({1,3}) = 0, 

vL, 25) = v1, 4) = v2, 3) = v2, 4) = v83, 4) =2, 
v(t, 2, 3}) = 4, 


v({1, 2, 4}) = v({1, 3, 4}) = v({2,3, 4p = 6, 
v({1, 2,3, 4}) = 10. 


The nucleolus of the game (N, v) is the allocation (2,2,2,4). Suppose that the value 
of the grand coalition increases to 12, without any change in the values of the other 
coalitions, i.e. D({1,2,3,4}) = 12 and D(S) = v(S) for all S C N. For this 
modified game (N,V), the nucleolus is (3,3,3,3). Thus, the payoff of the fourth 
player decreases from four to three, although there is more to share. One may 
argue that in a fair allocation none of the players should be worse off if v(N) 
increases, while the values of all other coalitions stay constant. Therefore, the lack 
of monotonicity may be regarded as a drawback of the nucleolus. 

One variation of the nucleolus is the per capita (normalized) nucleolus, proposed 
by Grotte (1970), where the excess of a coalition is defined as 


e(S, 7) = (v(S)— } m)/|S|. 
ieS 
It is shown that the allocations obtained through per capita nucleolus are aggregate 
monotonic and any increase in v(N) with other v(S) values being unchanged, is 
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shared equally among the players. Similar to the nucleolus, per capita nucleolus lies 
in the core whenever it is non-empty. 

However, even per capita nucleolus fails to fulfill the coalitional monotonicity, 
which is a stronger monotonicity property introduced by Young (1985). Accord- 
ingly, if the value of a coalition increases while the values of all other coalitions 
stay constant, then the payoff of the players in the coalition cannot decrease. An 
allocation is coalitionally monotonic if for every pair of games (N, v) and (N,?), 
where 


D(T) > v(T) forsome T C N (4.29) 
D(S) =v(S) forall S,S 4 T, (4.30) 


the following holds: 2;(0) > z;(v) for all i in T. Young (1985) shows that for 
games with |N| > 5 players, none of the allocations in the core is coalitionally 
monotonic. In other words, one cannot have an allocation satisfying the properties of 
the core and the monotonicity at the same time. Housman and Clark (1998) extend 
this result to the games with |N| > 4 players. They also show that there is an 
infinite class of core allocations that are coalitionally monotonic on three-player 
games. Hence, there is a tradeoff between selecting a core allocation and selecting 
an allocation satisfying the coalitional monotonicity. 

Another variant of the nucleolus is the proportional nucleolus proposed by Young 
et al. (1982). The excess for the proportional nucleolus is defined by: 


VS) = Dies 2 


e(S,z) = J) ; 


(4.31) 


which is interpreted as a subsidy applied to the coalitions proportional to their 
values. Note that e(S, 7) exists provided that v(S) > 0. The concept is used by 
Lemaire (1984) for the cost allocation problem faced by an insurance company and 
shown to provide stable allocations satisfying aggregate monotonicity. Moreover, 
it is observed that the proportional nucleolus distributes a change in v(N ), ceteris 
paribus, among the players in proportional to their (v ({i }) — 7r; ) values. Faigle et al. 
(1998) examine the same concept under the name of nucleon. 

Littlechild and Vaidya (1976) propose the disruptive nucleolus. Instead of excess 
values, the concept defines the propensity to disrupt for each coalition, which is 
denoted by pd(S, 2). The formula for pd(S, zr) is given as follows: 


DON AS) = Peris Ti 
V(S)—Vies tm 
At any allocation z, the propensity to disrupt of a coalition S corresponds to the 
ratio of the loss of the complementary coalition NV \ S to the loss of the coalition 
S, if the allocation is refused by the coalition S. The disruption nucleolus is the 
allocation minimizing the maximum propensity to disrupt in a cooperative game 
and lies in the core if the core is not empty. The study due to Lemaire (1984) shows 


pd(S, mx) = (4.32) 
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that the disruptive nucleolus is not monotonic. That study also investigates the cost 
allocations resulting from the solution concepts Shapley value, nucleolus and the 
above mentioned variants of the nucleolus. The use of the proportional nucleolus 
is suggested, since it is in the core (provided that the core exists) and satisfies the 
monotonicity property. 


4.6.6 The Kernel 


A related concept to the nucleolus is the notion of kernel proposed by Davis and 
Maschler (1965) that actually gives rise to the development of nucleolus. Let s;; (zr) 
be defined as the maximum surplus of player i against player j with respect to the 
payoff allocation 2, where 


sij (r) = maxsen{e(S,7):i € S andj € N \ S}. (4.33) 


We can interpret s;; as the largest increase in the payoff that player i has able to 
get, when he/she cooperates with some other coalition without including player j. 
That is, player i can object to the allocation x by arguing that player į would be 
better off by cooperating with the players other than j. However, this argument 
does not constitute a threat for the player j, as long as the player j can earn a 
payoff of v({j}) while operating alone. That is, player j cannot be threatened if 
xj = v({j}). Therefore, it is said that player i outweighs player j if the following 
condition is satisfied: 


mj >v({j}) and s; (x) > s;;(z). (4.34) 


The kernel of the game, K(N, v), is the set of all imputations, where none of the 
players can outweigh another. Mathematically, it is expressed as: 


K(N,v) = {x € Z(N, v)|sij; (0) < sji) orz; = vj} foralli, j € N} 
(4.35) 


Similarly, the prekernel of a game, denoted by PK(N, v), is the set of all payoff 
allocations satisfying: 


PRN, v) = {a € PL(N, v)| si; (7) = sji(x) foral i Æ j} (4.36) 


In fact, kernel and prekernel define a basis for equilibrium between every pair of 
players. The difference between them is that, on the contrary to kernel, the prekernel 
is not restricted to the individually rational allocations. Therefore, for equilibrium in 
the prekernel case, the maximum payoff that player i would get by departing from 
the allocation z without player 7 has to be equal to the amount that player j would 
get when he/she departs from x without the player i. It has been shown that both 
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of the solution sets are non-empty in any cooperative game. Every allocation vector 
in PK(N, v) is also contained in K(N, v) by definition. Furthermore, if the game is 
superadditive, prekernel and kernel coincide (Maschler et al. 1972). 

There is a relation between core and the kernel of a game such that they intersect 
each other, whenever the core is not empty (Maschler and Peleg 1966). In other 
words, the kernel of a game includes at least one stable allocation vector, but 
there may be many other allocations, which do not guarantee the stability. This 
result has motivated (Schmeidler 1969) to introduce the nucleolus and show that 
it is always included in the kernel. Obviously, in games with non-empty cores, 
nucleolus exists in the intersection of the core and the kernel. For convex games, 
kernel reduces to a singleton and coincides with the nucleolus. Hence, PK(N, v) = 
K(N,v) = N(N,v). As a result, the intersection of the kernel and the core 
consists one unique point, which is the nucleolus. Formally, it can be shown as 


N(N, v) = K(N, v) (1) C(N, v). 


4.6.7 The Owen Set 


Owen (1975) studies linear production games and proposes a method based on 
linear programming duality to obtain payoff allocations in the core. It provides a 
set of allocations based on the dual optimal solutions, which is called as the Owen 
set in the literature (see van Gellekom et al. 2000). In the following, we explain 
the principle of the mechanism on the linear production game presented in Owen 
(1975). 

Consider a player set N, where players i = 1,...,|N| cooperate and share 
their resources / = 1,...,m to produce certain goods, which are indexed as k = 
1,..., p. In order to produce one unit of product k, aj, units of resource of type / 
are required. Moreover, product k will be sold at a price of PR, per unit. The value 
of a coalition S C N is found through the following linear programming model: 


P 
v(S) : Maximize S| PREY. (4.37) 
k=1 
subject to 
P 
X aY < CS) l=1,...,m, (4.38) 
k=1 
Y, > 0 k=1,...,p. 


The objective function (4.37) maximizes the profit obtained through selling the 
goods produced by the coalition. Note that Y% is the decision variable describing 
the optimal production amount of product k. The constraint set (4.38) makes sure 
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that the capacity limits of the resources are not exceeded, where the parameter C; (S) 
shows the amount of resources of type / that the coalition S possesses. It is assumed 
that all the resources of the players are shared in the coalition such that 


Ci(S) =) 1 Ci (4.39) 


ieS 


where C;; is the amount of resource of type / belonging to the player 7. The dual of 
v(S) is modeled as follows: 


v(S) : Minimize Ý Ci(S)Xı (4.40) 
i=l 
subject to 
X ag Xiz PR k=1,...,p, (4.41) 
1=1 
X,>0 l=1,...,m. (4.42) 


An element in the core can be obtained through solving the dual formulation above 
for S = N. Let the vector X* = X}‘,..., X; be the optimal solution of the model 
v(N). Then, the payoff of a player i, denoted by ¢;, is found as 


Qi = Ci Xt Seog Se Cin Aa (4.43) 


From the duality theory, the components of the vector X* correspond to the dual 
prices of the constraints (4.38). Hence, an element X; represents the value of an 
additional unit of resource /. According to the allocation rule given in (4.43), each 
player is paid for his/her resources according to the dual prices (see Owen 1975; 
van Gellekom et al. 2000). Note that the dual solution X* can also be obtained 
through solving the primal problem v(NV). Therefore, solving either primal or the 
dual problem is sufficient to find the payoff allocation implied by (4.43). 

In a cooperative game, the problem v(N) may have many alternative optimal 
solutions. Using these solutions in the formula (4.43), various payoff allocations 
can be obtained for a player i. Therefore, the solution proposed by Owen (1975) is 
a set-valued concept. 

Owen (1975) shows that the allocation vector obtained using (4.43) belongs to 
the core of a game. In other words, Owen set is a subset of the core and every optimal 
solution to the model v (N) leads to a core allocation. The converse is, however, not 
always true. In other words, it is not always guaranteed that all the core allocations 
can be obtained by solving the dual linear program. An illustrative example for this 
claim is provided by Owen (1975). For some specific kind of games, however, the 
Owen set coincides with the core of the game. For example, assignment games 
(Shapley and Shubik 1972), location games on tree networks (Tamir 1993) and 
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flow games on simple networks (Kalai and Zemel 1982). More recently, Ozener 
and Ergun (2008) consider Owen set for allocating cost of collaborating shippers 
on a transportation network and prove the correspondence between the core and the 
dual optimal solutions. 

The major advantage of working with the Owen set is that a core allocation can 
be obtained through solving one single model. However, it can only be used as a 
solution for totally balanced games, where the underlying problem is formulated 
as a linear programming model (see Samet and Zemel 1984). Moreover, it cannot 
be known in advance, which one among the various core elements will arise 
from the dual solution. As a result, the fairness properties of the selected core 
allocations cannot be anticipated. For example, in Sect.7, it will be shown that 
the nucleolus of the alliance revenue management game, which is contained in the 
core, cannot always be accessed by a dual solution. For an advanced analysis of the 
characteristics of the Owen set concept, we refer to the studies due to van Gellekom 
et al. (2000) and Llorca et al. (2004). 


4.6.8 Shapley Value 


A famous single-valued solution concept of cooperative game theory is the Shapley 
value proposed by Shapley (1953). We do not work with the Shapley value, because 
as it will be described later in this section, there is no guarantee that the Shapley 
value results in a stable allocation for our problem. Therefore, we only provide 
a brief introduction to this well known concept and its properties. The interested 
reader is referred to Roth (1988) for related literature. 

In Sect. 4.6.2 we have seen that the marginal contribution of a player depends on 
the order in which he/she joins the cooperation. The Shapley value is a solution, 
which assigns to each player his/her expected marginal contribution. Let ¢;(v) 
denote the payoff of player i based on the Shapley value. It can be computed as 


¢i(v) = DA SU A eum- for alli € N. 
SEN \{i} 
(4.44) 


The idea behind (4.44) can be explained in the following way: S' represents the 
coalition that the player i is added to. Note that there exist |S|! permutations for 
ordering the members of S. Likewise, the remaining set of (|N | — 1 — ||) players 
can be ordered after the player 7 in (|N|—1—|S])! different ways. Thus, |S|!(|N|— 
1 — |S|)!/|N|! is the probability of an ordering where the player i is added after 
the coalition S. In each of these orderings, the marginal contribution of the player 
i is equal to [v(S U {7}) — v(S)]. Hence, the payoff of a player corresponds to its 
expected marginal contribution over all possible orderings. 
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In other words, the Shapley value of a player is the average of its marginal 
contributions with respect to all the permutations. Hence, another definition for the 
Shapley value is given as 


1 
GHO=T DL Mil). (4.45) 
| ll ér 


Shapley (1953) shows that Shapley value is the unique allocation satisfying the 
following axioms: 


© Efficiency: Yey $i(v) = v(N) 

e Null Player: A player i is a null player, if v(S U {i}) — v(S) = 0 for every 
S C N. For every null player i, $;(v) = 0. That is, no payoff is assigned when 
the marginal contribution of the player to any coalition is zero. 

e Symmetry: Consider a permutation o of N. Let (N, ov) be the game, where 


ov({o(i) |i € S}) = v(S), forall S CN. (4.46) 


Note that the player o(7) represents the player at the ith position with respect 
to the permutation o. Hence, the player o(7) has the same role in the game 
(N,ov) as the player i in (N,v). The Symmetry axiom says that only the 
role of the players is important in the assignment of the payoffs and not their 
labels or names. Thus, for any permutation o € J7(N) and any player i € N, 
oi (0v) = i (V). 

e Additivity: For any two games (N, v) and (N,D), the sum of the gains obtained 
in two separate games must be equal to the gain that is obtained when these 
two games are played together. Additivity is plausible when a game can be 
decomposed into two separate games or a game is repeated several times by the 
same players. 


In addition to the above axioms, Young (1985) introduced the property of strong 
monotonicity and showed that the property is satisfied by Shapley value. Let (N, v) 
and (N, D) be two games such that for some i € N 


D(S U {7}) — D(S) = v(S U {7}) — v(S) for all S C N \ {i}. (4.47) 


the allocation x is called strong monotonic, if 7;(V) > 2;(v). Intuitively, strong 
monotonicity implies that the payoff of a player should not be decreased, if his/her 
marginal contribution to the coalitions does not decrease. 

Despite of these nice properties, Shapley value has one major drawback making 
it a less suitable allocation method than nucleolus for our problem: The Shapley 
value is not necessarily in the core even if the core is not empty. Lemaire (1984) 
provides a numerical examples supporting this statement. However, Shapley (1971) 
shows that for convex games, the Shapley value lies always in the core. Furthermore, 
it corresponds to the center of gravity of the core. This is a result of the fact that in 
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a convex game the marginal vectors implied by the permutations define the vertices 
of the core (see Sect. 4.6.2) and the Shapley value of a player is the average of these 
vectors. In Chap. 5, we will show that the alliance revenue management game is not 
convex in general, but it has a non-empty core. Therefore, the Shapley value would 
not always provide an allocation, which ensures the stability of the alliance. 


4.7 Applications of Cooperative Game Theory 


In this section, we present the research on the application of the previously described 
solution concepts to various cost/payoff allocation problems. Our survey primarily 
includes the existence of the solutions for the reviewed problems and the properties 
of the allocations implied by those solutions. The research on computing these 
solutions, on the other hand, is rather limited. 

Borm et al. (2001) give an extensive review on the applications of cooperative 
game theory to operations research games classified in five categories based on 
the underlying problem: connection, routing, scheduling, production and inventory. 
We start with inventory or joint replenishment games, which arise in situations, 
where several retailers give joint orders of an identical product to decrease their 
costs. Meca (2004) analyzes deterministic ordering situations based on Economic 
Order Quantity (EOQ) models. Two types of problems are handled differing in the 
information exchanged between the players. Cost allocation rules proportional to 
the square of the individual ordering costs and to the demand are proposed, which 
are shown to lie in the core of the game. Multi-product extensions of Meca (2004), 
which establish conditions for a non-empty core and examine the stability attained 
through several allocation methods, are provided in Dror and Hartman (2007) and 
Dror et al. (2011). 

Economic lot sizing (ELS) games are introduced by van den Heuvel et al. (2007), 
where the underlying problem is based on a Wagner- Within formulation. They prove 
that the game is balanced and thus has a non-empty core. The computation of the 
stable allocations for ELS games is addressed in Drechsel and Kimms (2010a), 
where a row generation procedure is proposed to find a core element. In Chap. 6, we 
will apply the procedure to the alliance revenue management problem. An extension 
of the ELS games is developed in Chen and Zhang (2007) by incorporating 
backlogging and a more general ordering cost function. The duality-based approach 
of Owen (1975) is applied to compute core allocations for the presented problem. 
Drechsel and Kimms (2009) study cooperative lot sizing games with uncertain 
demand and propose cost allocations in the interval core. 

Guardiola et al. (2009) handle production-inventory games, which are different 
from the ELS games in that they do not include setup costs. It is shown that 
production-inventory games are totally balanced. Furthermore, for the considered 
type of games, the Owen set reduces to a singleton, which is called as the Owen 
Point. Axiomatic characterizations of the Owen Point for inventory-production 
games are investigated in Guardiola et al. (2008). Another production-inventory 
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game with deterministic demand is modeled by Drechsel and Kimms (2011), where 
the resource capacities for the players are limited. The study includes cost for the 
transshipments between the players in case the demand cannot be met. 

Another type of inventory games is the newsvendor centralization game, which is 
an extension of the classical newsvendor problem to a multi-retailer setting. Several 
retailers combine their orders for a specific product facing stochastic demand. 
Hartman et al. (2000) prove the non-emptiness of the core for cases with normally 
distributed demand. Then, Miiller et al. (2002) show that the core of the newsvendor 
game is always non-empty regardless of the type of the demand distributions. 
Slikker et al. (2005) extend the problem by allowing transshipments between the 
retailers, when some retailers have ordered more than the realized demand and some 
others less. Furthermore, they model the problem as a profit game, whereas Hartman 
et al. (2000) and Miiller et al. (2002) focus on the cost allocations. It is shown 
in Slikker et al. (2005) that the core of the newsvendor centralization game with 
transshipments is non-empty. 

Gerchak and Gupta (1991) show the potential savings in costs that can be 
attained through inventory centralization in continuous review inventory systems. 
They examine several non-game theoretical rules to allocate the costs among the 
collaborating partners. The rules are regarded as unfair, if the cost allocations 
provided by them are greater than the stand-alone costs. For the same kind of 
problems, Hartman and Dror (1996) identify three criteria that have to be satisfied by 
a fair and efficient cost allocation method. They discuss choosing nucleolus, because 
it fulfills the first two properties: stability and justifiability. However, nucleolus is not 
proposed due to the high number of linear programs involved in the computation, 
which is considered as the third criterion. Dror and Hartman (2007) develop a 
closed form formula to obtain the nucleolus for inventory centralization games 
with normally distributed demands and identical inventory cost parameters for the 
retailers. Leng and Parlar (2009) model a three-level supply chain, where nucleolus 
and Shapley Value-based allocations are used to divide the cost savings of the 
cooperation among the partners. 

In addition to the studies discussed above, other applications of cooperative game 
theory to supply chains are available in extensive reviews provided by Leng and 
Parlar (2005), Nagarajan and Sošić (2008) and Drechsel (2010). 

The second category includes linear production games, which are introduced 
by Owen (1975). In a linear production game, the players share their resources 
to produce certain goods and generate revenue. Owen (1975) shows that core 
allocations for this type of games can be obtained through solving the dual of 
the underlying production model. Bjørndal and Jörnsten (2009) develop lower and 
upper bounds on the values of a linear production game. 

Apart from ordering and production, cost/profit allocation problems are prevalent 
in transportation and vehicle routing situations. Sánchez-Soriano et al. (2001) study 
transportation games, where the profit obtained through the shipped products are 
divided among the demanders and suppliers. They prove the existence of the core 
and show that, in contrast to assignment games, not all the core elements can 
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be obtained through the dual optimal solutions. The properties of the Owen set 
solutions for transportation games are investigated by Llorca et al. (2004). 

Traveling salesman games deal with problems where the cost of a round trip 
has to be divided among the nodes visited. Tamir (1989) shows that the core of 
a traveling salesman game with a symmetric cost structure is always non-empty, 
when the number of players does not exceed four. His result is extended by Kuipers 
(1993) to five players. Nucleolus allocations for traveling salesman games are 
applied in Engevall et al. (1998) to a cost allocation problem in a gas company. 
Krajewska et al. (2008) examine the profits of collaboration among the freight 
carriers and discuss the use of nucleolus and Shapley value to determine a fair 
profit allocation scheme. Gothe-Lundgren et al. (1996) use a constraint generation 
algorithm to find the nucleolus of a vehicle routing game with non-empty core. 
Adapting their results, Engevall et al. (2004) study the cost allocation problem 
arising in a company that delivers gas and gas-oil to its customers. The nucleolus 
is proposed to distribute the total cost accruing on the routes among the visited 
customers and compared to several other non-game-theoretic methods, which are 
easier to implement. Houghtalen et al. (2011) propose transfer price mechanisms for 
carriers collaborations in air cargo routing and use tools of cooperative game theory 
to analyze them in terms of the stability aspect. Ozener and Ergun (2008) study 
the collaborations in transportation networks. They examine the consequences of 
core allocations for the shippers and propose several cost allocation methods other 
than the core allocation. Ozener et al. (2009) consider inventory routing games and 
proposes dual-based cost allocations. Since it is not known in advance, whether the 
resulting allocations are stable, an instability measure is defined which expresses for 
each coalition the percentage deviation between the value of a coalition and the sum 
of the costs allocated to its members. The measure is used to evaluate the proposed 
mechanisms. 

Hamers et al. (1999) introduce the Chinese postman games that deal with 
allocating the minimum cost of visiting each edge of a graph among the nodes. 
Since, the underlying Chinese postman problem is associated with the delivery 
problem, the term delivery games is also used to refer this specific type of games. 
Major contributions and results related to the delivery games can be found in Borm 
et al. (2001). 

Within the context of connection games, Borm et al. (2001) include minimum 
spanning tree games and airport games (more generally, fixed tree games). Claus 
and Kleitman (1973) address the allocation problem in spanning tree networks, 
where the cost of connecting the network is divided among its users. However, 
they analyze non-game theoretical rules like allocation by mileage. Bird (1976) 
introduces minimum cost spanning tree (MCST) games and provide an allocation 
method, which always selects an element in the core. In the proposed method, each 
user is assigned the cost of connecting itself to its predecessor on the minimum 
spanning tree. More literature can be found in Borm et al. (2001). Airport games 
deal with allocating the maintenance cost of runway among the planes using it. 
The characteristic function of airport games has a special structure: Since a runway 
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that caters to a large aircraft will suffice for smaller ones, the cost of a coalition is 
equal to the largest player in the coalition (see also Borm et al. 2001). 

Borm et al. (2001) also analyze sequencing, permutation and assignment games, 
which are related to scheduling problems. Research on these games can be found in 
Curiel (1997). 

Another type of cooperative games is the so-called location games, which arise 
when the total cost of opening some facilities or locations has to be shared among the 
users. Tamir (1993) shows that the core is not empty for some class of these games. 
Butler and Williams (2002) discuss the fairness issue in dividing the cost of a central 
computing facility at a university between the faculties using them. They point out 
the lack of a unique definition for fairness and suggest to use allocations based on 
nucleolus and per capita nucleolus. The choice of these two concepts is justified 
with the argument that they distribute the savings obtained through combining the 
individual facilities to a single central unit to the users with less disparity. 

Gow and Thomas (1998) analyze nucleolus and Shapley value-based solutions 
for determining the interchange fees between the banks that are to be paid by the 
use of Automated Teller Machines (ATMs). Wang et al. (2003) apply cooperative 
game theory for allocating the water resources to its users in a fair way. Alternative 
allocation schemes are computed based on Shapley value, nucleolus and several 
variants of nucleolus which are introduced in Sect. 4.6.5. 
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Chapter 5 
Airline Alliance Revenue Management Game 


In this chapter, the revenue sharing problem of strategic passenger airline alliances 
is modeled as a cooperative game. Firstly, a linear programming model is proposed 
to find the maximum expected revenue for any set of cooperating airlines. Then, 
a numerical example is presented to show that simple revenue sharing rules do 
not guarantee the stability of an airline alliance, and there is a need for a more 
sophisticated approach. In Sect.5.2, the properties of the airline alliance revenue 
management game are investigated. Afterwards, it is shown that the game is 
balanced and has a non-empty core. Finally, in Sect. 5.4, the Owen set of the game 
is analyzed and it is demonstrated that the nucleolus cannot always be obtained 
through dual optimal solutions. This chapter is based on Kimms and Cetiner (2012). 


5.1 A Linear Programming Formulation 


Strategic passenger airline alliances are cooperations, where two or more airlines 
connect whole or a part of their networks by sharing the resources they have. In this 
way, they can offer flights between additional OD pairs and/or flights with larger 
capacities. Moreover, the demand for the flights arriving to the cooperating airlines 
is also pooled together. 

Suppose that a set N of airlines cooperates and builds an alliance. Assume that 
they build a new network composed of the flight legs / = 1,...,m. Furthermore, the 
ODF combinations offered by the alliance and the corresponding fares are known 
in advance. Let k = 1,..., p be the set of products of the alliance and fz, the fare 
of the product k. In order to obtain the maximum expected revenue of a coalition 
S C N, denoted by v(S), we develop the model given below. It is an extension of 
the DLP model introduced for revenue management decisions of a single airline: 
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P 


v(S) = Maximize X fY (5.1) 
k=1 
subject to 
p 

X aY <} Ca l=1,...,m, (5.2) 

k=1 ieS 

Yk < Ý [wir [Del k=1,...,p, (5.3) 
ies 

Yp > 0 k=1,...,p. (5.4) 


The objective function (5.1) maximizes the expected revenue of the coalition S over 
all the products. Constraint set (5.2) defines the capacity restrictions of the flight 
legs, where the parameter C;; shows the available seat capacity that airline 7 has on 
the flight leg l. Through the constraint set (5.3), the value of Y; is limited by the 
sum of the expected demand arriving to the airlines in the alliance. As mentioned 
previously, the ticket for an alliance product is usually sold by several airlines. 
Hence, different from a single airline case, customers have alternative sellers from 
which they can buy the ticket for a desired product. To include this in our model, we 
need to divide the total demand for an ODF among the airlines. In other words, 
we assume that each airline expects a certain portion of the demand denoted by 
Hik. The parameter uig shows the market share of an airline į on an ODF k and 
for k = 1,..., p we have yl Hik = 1. It is assumed that each airline 7 in the 
alliance has a market share uix > 0 on an ODF k irrespective of whether it is an 
operating airline or not. The following example illustrates the assignment of market 
shares for an alliance, which has three airlines operating on a network composed of 
three flight legs and six ODF combinations. 

Let Q be the 3 x 3 (|N| x m) matrix whose elements indicate whether a flight 
leg / is operated by an airline i or not. Similarly let A be the 3 x 6 (m x p) matrix 
showing the resource coefficients ay. The entries of A are 0 or 1, since we do not 
allow multiple seat requests. For our example, let us assume: 


100 111000 
Q=]011]/andA=]011110 
001 001011 


By multiplying the matrices Q and A we obtain how many flight legs of an ODF k 
are operated by airline i, ie. M’ = QO x Aisa3x6(|N| x p) matrix with elements 
m, g: It is possible that an airline operating two or three flight legs of an ODF would 
experience more demand than the airlines operating one flight leg and for this reason 
should get a higher market share. For the sake of simplicity, we assume that the 
market shares of the operating airlines do not depend on the number of the operated 
flight legs. However, one can use different market shares which change with respect 
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Fig. 5.1 A simple alliance 500 miles 1000 miles 
network with two airlines 


to the number of operated legs. Hence, in this study, it is sufficient to know whether 
an airline operates at least one flight leg of an ODF or not. That is, we consider 
M = I(M^) where fig = I(m',) and 


His) =} pe 
0, ifm, =0. 
This gives, 
111000 
M=|011111 
001011 


In our example, it is assumed that the airlines will get a market share of 10%, if 
they do not operate the flight legs. The remaining portions are distributed equally 
among the operating airlines. With this assumption the market share matrix of our 
example will be: 


0.80 0.45 0.33 0.10 0.10 0.10 
u = | 0.10 0.45 0.33 0.80 0.45 0.45 
0.10 0.10 0.33 0.10 0.45 0.45 


By using the market shares, the expected demand of an ODF is distributed among 
the airlines in the alliance. As a result, it is made sure that the number of seats 
allocated to an ODF does not exceed the total expected demand arriving to the 
airlines in the alliance. 

The key question is how to allocate v(V), the expected revenue of the alliance, to 
the partner airlines. In the following, we will see that simple revenue sharing rules, 
e.g., revenue sharing proportional to distance traveled, do not ensure the stability of 
the alliance. That is, at least one airline would prefer to leave the alliance, because 
another alternative like operating alone or cooperating with a subset of players in 
the set N is more profitable. 

Suppose that we have an alliance network composed of two flight legs like in 
Fig. 5.1. The flight leg AB (J = 1) is operated by the airline 1, whereas the flight 
leg BC (J = 2) is operated by the airline 2. The alliance offers flights AB (k = 1), 
BC (k = 2) and AC (k = 3) with an intermediate stop at B, at a fare of 100, 150 
and 210, respectively. The matrix 


Ae 101 
011 
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Table 5.1 Available I 
capacities — 
Cii AB BC 
i=1 10 0 
i=2 0 10 
Table 5.2. Expected demand k 
arriving to airlines Lui EID] AB BC AC 
i=1 9 1 3 
i=2 1 4 3 
shows the resource coefficients for l = 1,2 and k = 1,2,3. The available seat 


capacities of the airlines on each flight leg are given in Table 5.1. 

Moreover, Table 5.2 demonstrates the values of uix E[Dx] for each airline i and 
ODF k. The optimal solution for the alliance is to allocate five seats to each ODF. 
If the revenue generated from the interline flight AC is shared among the airlines 
proportional to the distance traveled, the airlines 1 and 2 earn a revenue of 850 
(5 x 100+ 5 x 210 x +) and 1,450 (5 x 150 + 5 x 210 x >), respectively. However, 
if airline 1 would operate alone, it would allocate nine seats to the flight AB and 
could earn a revenue of 900. Since 900 > 850, the airline | would prefer to break 
the cooperation and operate alone. 


5.2 Properties of the Airline Alliance Revenue 
Management Game 


In this section, we characterize the alliance revenue management game in terms 
of the properties defined in Sect. 4.4. Recall that our game is a TU game, since 
the coalitional values are measured in terms of money, which is assumed to be 
transferred between the airlines in any way. 

As we will show in the following, the airline alliance revenue management game 
is monotone. Consider two coalitions S and T, where S C T C N. Let C)(S) 
denote the available capacity of the coalition S on flight leg 7, where 


CS) = D0 Cir. (5.5) 
ieS 


Similarly, let E[D,](S) be the total expected demand of an ODF k arriving to the 
coalition S such that 


E[D:](S) = } ` Lax EID] (5.6) 


ieS 


Since C;(S) < C;(T) for all 7 = 1,...,m and E[D,](S) < E[D,](7) for all 
k = 1,..., p, it follows from (5.1) to (5.4) that v(S) < v(T). Thus, we have a 
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—— Airline] tte > Airline 2 teenies > Airline 3 


Fig. 5.2. A simple alliance network with three airlines 


Table 5.3 Fares of the flights k AB AC AD BC BD CD 
for the example on convexity ik T5 140 240 80 170 100 
Jk 


Table 5.4 Available 


Se l 
capacities for the example on 


convexity Cii AB BC CD 
i=1 15 0 0 
i=2 0 15 0 
i=3 0 0 15 


monotone game on hand indicating that the marginal contribution of each airline to 
any coalition is non-negative. 

Next, we show that the airline alliance revenue management game is superaddi- 
tive, so there would be additional revenues earned, if the airlines cooperate. If this 
is not the case, airlines will not have any intention to build an alliance and there will 
not exist any revenue sharing problem. Recall that a superadditive game satisfies the 
condition (4.2). Consider two disjoint sets of players S, T C N. The coalitions $ 
and T can achieve with their available resources a maximum revenue of v(S) and 
v(T), respectively. The cooperation of these two, denoted by S U T, on the other 
hand, owns and controls the resources of both coalitions. Moreover, the coalition 
S U T may offer additional products through combining the resources of S and T. 
Hence, the best solutions for the coalitions S and T are already included as feasible 
solutions of the coalition S U T. As a result, the coalition S U T will certainly have 
a value at least as much as v(S) + v(T). 

There is another reason why the property of superadditivity is important. As 
stated in Sect. 4.6.5, prenucleolus and nucleolus coincide for superadditive games 
(see Potters and Tijs 1992). Therefore, we use nucleolus to refer to the efficient 
payoff allocation that lexicographically minimizes the maximum dissatisfaction of 
the coalitions in our game. 

The following example shows that the airline alliance revenue management game 
is not necessarily convex. Consider the alliance network represented in Fig. 5.2. The 
network consists of the airlines 1, 2 and 3, which operate the flight legs AB, BC and 
CD, respectively. The alliance offers direct flights between the OD pairs AB, BC 
and CD. Additionally, it offers flights between the OD pairs AC with an intermediate 
stop at B, AD with intermediate stops at B and C, and BD with an intermediate stop 
at C. Thus, we have a total of six products, whose fares are shown in Table 5.3. 
Furthermore, Table 5.4 represents the available capacities of the airlines on each 
flight leg. Finally, the values of expected demand arriving to each airline are given 
in Table 5.5. 
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Table 5.5 Expected demand k 

arriving to airlines for the luixE[D:]] AB AC AD BC BD CD 

example on convexity ———— 
i=1 8 4 3 1 1 1 
i=2 1 4 3 8 4 1 
i=3 1 1 3 1 4 8 


Table 5.6 Coalitional values for the example 


S th {2} {3} {1, 2} {1, 3} {2,3} {1, 2, 3} 
v(S) 600 640 800 2,235 1,575 2,640 3,750 





After solving v(S) for each coalition S, we obtain the coalitional values that 
are shown in Table 5.6. Recall that a cooperative game is convex if and only if the 
marginal contribution of a player is non-decreasing in the size of the coalition he 
joins (Sect. 4.4). Consider the marginal contribution of the player | to the coalitions 
{2} and {2,3}. Observe that v({1, 2, 3}) — v({2, 3}) = 1,110, whereas v({1, 2}) — 
v({2}) = 1,595 indicating that our game is not convex. 


5.3 The Core of the Airline Alliance Revenue 
Management Game 


In Sect. 4.6.2, we have presented the Bondareva-Shapley Theorem, which states that 
the core of balanced games is not empty. Next, we prove that the core of the airline 
alliance revenue management game is not empty through showing that the game is 
balanced. We follow an approach similar to the one taken in Owen (1975) for the 
balancedness of linear production games. Rewriting the model given in (5.1)-(5.4), 
using the parameters given in (5.5) and (5.6), we obtain: 


P 

v(S) = Maximize Y` fkYr (5.7) 
k=1 

subject to 

p 

X akYy < C1(S) l=1,...,m, (5.8) 

k=l 

Yq < E[Dx](S) k=1,....p, (5.9) 

Y, > 0 k=1,...,p. (5.10) 


Let B be a balanced collection of coalitions with balancing weights ws, S € B 
(see Sect. 4.6.2). In order to prove the balancedness of the game, we must have that 
the condition (4.13) given in Sect. 4.6.2 is fulfilled for every B and ws. 
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Consider the constraint set (5.8). By using (5.5), we have for every flight leg 
L= l 


X wsC(S) =} X wsCa. (5.11) 


SEB SEB iES 


Then, we make use of the property of the balancing weights given in (4.12) and 
extend the above Eq. (5.11) as 


Y wscus) =P wsei= | 5 ws 


SEB SEB iES iEN \ SEB:iES 


Cu = È` Cu = GO. 


iEN 





(5.12) 


In the next step, we handle the constraint set (5.9). It follows from (5.6) for every 
ODF k = 1,..., p that 


Y= wsE[Del(S) = >) dows LwirE [Del] . (5.13) 


SEB SEB iES 


We rewrite the Eq. (5.13) and apply the definition provided in (4.12). As a result, we 
obtain 





XO wsE[D: (S) = X} ws lun EIDd] =} | E Lair ELD] 
SEB SEB iES iEN \ SEB:iES 
= > mix E[Dx]| = E[Di\(N). (5.14) 


iEN 


Let the vector Y(S) = (Yı(S),...,Yp(S)) be a feasible solution satisfying 
constraints (5.8)—(5.10). Then, the value of v(S) will be fi Yı (S) +... + fpYp(S). 
Hence, the left hand side of the Eq. (4.13) can be written as 





p 
Yi wsv(S) = >> [ws XO fic¥e(S) (5.15) 
SEB SEB k=1 
Additionally, we introduce the vector Y= È, ia Ĉ,) such that 
=) ws¥i(S), k=1,...,p. (5.16) 


SEB 


Through reformulating the Eq. (5.15), we have 
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Yo wsv(S) = Dfe XO RYS) 








SEB SEB 
p A 
=, (Duno DINA (5.17) 
k=l SEB k=l 
Since Y(S) is a feasible solution by definition, it holds for every / = 1,...,m, 
Don (£ wns) « < So wsCi(S). (5.18) 
SEB SEB 


The right hand side of (5.18) has already been defined in (5.12). Hence, from (5.18), 
it follows by using (5.12) and (5.16) that 


Pp 
do an Pe < Ci(N). (5.19) 
k=1 


Similar to (5.18), we have for every k = 1,..., p, 
Yo ws¥k(S) < 5) ws E[De](S). 
SEB SEB 


Then, we obtain by means of (5.14) and (5.16) 
Ê, < E[D](N). (5.20) 


Note that (5.19) and (5.20) imply that Y satisfies the constraints (5.8) and (5.9) for 
S = N. Moreover, all ¥,(S) and ws > 0. Therefore, the constraint (5.10) is also 
satisfied for S = N, and Y constitutes a feasible solution for v(N). Since v(N) is 
the maximum of all those feasible solutions, 


UNS HY bac fpf, 


Thus, using (5.17), we come up with 


Y | wsv(S) < v(N). 


SEB 


Therefore, we conclude that the condition given in (4.13) is met, and the airline 
alliance revenue management game is balanced. Hence, it has a non-empty core. In 
fact, our game is totally balanced such that the core of the subgame (T, v) always 
exists for every T C N, T # Ø. 


5.4 The Owen Set of the Airline Alliance Revenue Management Game 81 


5.4 The Owen Set of the Airline Alliance Revenue 
Management Game 


It has previously been described that the Owen set of a cooperative game contains 
payoff allocations based on the dual optimal solutions of v(V) given in (5.1)-(5.4). 
Furthermore, the Owen set is a subset of the core. In this section, we examine the 
computation of these dual-based payoff allocations for the airline alliance revenue 
management game. Recall that for a cooperative game it is not always guaranteed 
that all the core allocations are contained in the Owen set (see Chap. 4.6.7). In other 
words, there may be allocations in the core, which do not constitute an optimal 
solution for the dual problem v(V). We investigate, whether nucleolus-based payoff 
allocations of our game can be obtained through the optimal dual solutions. 

Recall that the maximum expected revenue of an airline alliance composing of 
the players in the set NV is found through the linear programming model given below: 





P 


v(N) = Maximize ye (5.21) 
k=1 
subject to 
P 

X anYr <} Cau l=1,...,m, (5.22) 

k=1 iEN 

Yk < Ý [mic E[De] k=1,...,p, (5.23) 
iEN 

Yp > 0 k=1,...,p. (5.24) 


Let X; and 7; be the dual variables associated to the constraints (5.22) and (5.23), 
respectively. Then the dual of v(V), described by v(V) is formulated as follows: 





m P 

v(N) = Minimize S° CX; + D> wie E [De] Te (5.25) 
i=1 k=1 

subject to 

Soa X1 + Tk = fi k=1,...,p, 

i=1 

x; = 0 1=1,...,m, 


Tr = 0 k =1,...,p. 
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Table 5.7 Fares of the flights k AB AC AD BC BD CD 

for the Owen set example 4 100 210 300 150 200 90 

Table 5.8 Available l 

capacities for the Owen set — 

example Cı AB BC CD 
1 20 0 0 


w 
© 
© 
= 


Then, the following revenue allocation of the airline 7, which is denoted by g;, is 
contained in the Owen set: 


m p 


Pi = $ CuXı + È wie E[Del] Te (5.26) 
l=1 k=1 


In order to gain insight into the relation between nucleolus and the Owen set, we 
investigate both concepts on a small example. The example shows that the nucleolus 
cannot always be obtained through the dual solutions. Consider the alliance network 
given in Fig. 5.2. The information on the fares of the flights is provided in Table 5.7. 
Tables 5.8 shows the seat capacity of the airlines with respect to each flight leg. The 
expected demand values for the ODFs arriving to each airline are the same as in 
Table 5.5. 

The model v(N) has a unique optimal solution with X = (60, 150,50) and 
T = (40,0, 40, 0, 0, 40). Hence, the Owen set of the example consists of a single 
point. Note that this is not always the case for the alliance revenue management 
problem. Using the definition given in (5.26), we obtain the payoff allocation 
pi = (1,680, 2,450, 1,480). The nucleolus of the example, on the other hand, 
corresponds to the allocation vector 7 = (1,475, 2,785, 1,350). Hence, as demon- 
strated by the numerical example, the nucleolus of an airline alliance revenue 
management game cannot always be reached through the dual optimal solutions. 
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Chapter 6 
Approximate Nucleolus-Based Revenue Shares 
for Airline Alliances 


In this chapter, we first motivate the choice of nucleolus-based revenue shares for 
strategic passenger airline alliances. Then, the algorithms for finding the nucleolus 
of cooperative games are reviewed. In this study, we make use of an algorithm that 
combines lexicographic minimization with a constraint generation procedure. To 
incorporate the stochastic nature of demand, in Sect. 6.4, we propose a randomized 
approach for computing the revenue shares. An extensive numerical study on 
randomly generated alliance networks is performed and presented in Sect. 6.5. 
Finally, Sect. 6.6 uses nucleolus-based revenue shares as a benchmark to improve 
proration rates obtained through a decentralized First Come First Served (FCFS) 
policy. This chapter is based on Kimms and Cetiner (2012). 


6.1 Motivation 


There are several reasons making nucleolus a good choice for allocating the revenue 
of a passenger airline alliance. First of all, a fair revenue sharing scheme should 
ensure the stability of the alliance, i.e., no subgroup of airlines is better off leaving 
the alliance. Recall from Sect. 4.6 that this set of stable outcomes is known to be 
the core of a game, and the nucleolus always lies in the core, if the core is not 
empty. Hence, using the nucleolus guarantees the stability of a passenger airline 
alliance, because the core of the airline alliance revenue management game is shown 
to be non-empty (see Sect.5.3). On the top of that, nucleolus makes iteratively the 
unhappiest coalitions in the game happier and, in that sense, fulfills an additional 
fairness criterion. Moreover, as it will be shown in Sect. 6.5, the nucleolus of the 
airline alliance revenue management game can efficiently be computed even for 
real-size alliance networks. Another major advantage of the nucleolus is that it is 
convenient to be used as a benchmark for evaluating the fairness of selfish revenue 
sharing mechanisms (see Chap. 7), because it corresponds to a unique point. 
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6.2 Computation of the Nucleolus 


6.2.1 A Review of Algorithms 


With regard to fairness considerations, nucleolus is a favorable solution concept for 
our problem. However, its computation is not an easy task and has attracted attention 
of several researchers. A number of algorithms has been proposed for computing 
the nucleolus, which are usually based on solving a single, large LP or solving 
a sequence of linear programs iteratively. The only exceptions are some special 
games. For example, Littlechild (1974) provides a simple algorithm for computing 
the nucleolus of the airport cost games discussed in Sect. 4.7. Moreover, polynomial 
algorithms have been developed for assignment games (Solymosi and Raghavan 
1994), convex games (Kuipers 1996). Apart from these, closed form solutions for 
obtaining the nucleolus of cooperative games having three players are provided by 
Leng and Parlar (2010). In the mentioned study, if the game has a non-empty core, 
the nucleolus is found analytically through using a single formula. For the games 
with empty cores, several formulas are proposed which can be used under specific 
conditions depending on the relationship between the values of the coalitions. 

For general games with an arbitrary number of players, Kopelowitz (1967) 
makes a major contribution by providing an algorithm, which reaches the nucleolus 
through iteratively solving a set of linear programs (LPs). The proposed LP model 
is frequently used in subsequent research studies (see e.g., Maschler et al. 1979; 
Dragan 1981). The algorithm that is used in our study is also based on the approach 
of Kopelowitz (1967). In another study, Kohlberg (1972) shows that the nucleolus 
can be obtained by solving a single LP model with (2!% !)! + 1 constraints. The 
model aims to find the allocation yielding the lexicographically minimum excesses 
by minimizing the weighted sum of the excesses. To guarantee an order of the 
weights such that the largest excess is weighted at most and the smallest excess 
is weighted at least, a constraint has to be defined for each permutation of every 
possible coalition. Owen (1974) extends the study of Kohlberg (1972) by reducing 
the number of required constraints to 4lNl 4.1, Bruyneel (1979) provides a method 
for finding the nucleolus by means of the minimal balanced sets. Although the 
method does not require to solve any linear programming models, it is not practical 
even for small problems due to the exponentially growing number of minimal 
balanced sets. Dragan (1981) modifies the study of Bruyneel (1979) and provides 
a method to compute the prenucleolus, which requires solving at most |N| — 1 
linear programs, each having O(2!"!) variables and O(|N |) constraints. Maschler 
et al. (1979) propose a method to reach the nucleolus by reducing the set of 
imputations iteratively to a singleton through solving a series of linear programming 
models. At any iteration n of the method, a set of coalitions is considered and the 
minimum of the maximum excess among these coalitions, €,,, is found. Imputations 
resulting in larger excess values than ¢€, are disregarded. Then, through another 
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linear programming model, it is detected for each coalition S, if there may exist 
any imputation z resulting an e(S,z) value smaller than €,. The coalitions with 
excesses equal to €, are excluded in the succeeding iterations, when the next largest 
excess is minimized, since they cannot further be minimized. The single payoff 
allocation vector obtained at the end is the nucleolus. Note that in the worst case, 
there may be so many excesses as the number of possible coalitions. Therefore, a 
total of O(2!"!) linear programming models have to be solved. Furthermore, since 
another LP model is solved for each coalition, the number of LP models to be solved 
in the method is O(4!%!). It is also worth noting that the method starts initially 
by taking all coalitions into account. A much easier way of identifying coalitions 
whose excess values cannot further be minimized is developed by Behringer (1981). 
The study proposes a simplex-based algorithm and stimulated the idea of using 
dual solutions for identifying coalitions to be eliminated in further steps without 
solving additional models. In each step, at least one coalition is detected such that 
the algorithm is terminated after solving at most O(2!!) models. The procedure of 
Maschler et al. (1979) is also refined by Sankaran (1991) which finds the nucleolus 
in oc h stages through an LP model. It is shown in Fromen (1997) that the 
algorithm of Behringer (1981) is superior than the one of Sankaran (1991) in terms 
of computational efficiency. Potters et al. (1996) propose a modified simplex-based 
algorithm, which finds the nucleolus through solving at most | N |—1 linear programs 
with at most 2N! + |N | — 1 variables and 2NI — 1 constraints. 

A contribution is made by Fromen (1997) regarding the termination conditions 
of the algorithms. He points out that nucleolus is found at an early stage of the 
algorithm, where payoff allocations are uniquely defined by the constraints of 
the model. In this study we adapt an algorithm for computing the nucleolus of 
the airline alliance revenue management game, which is based on solving a linear 
programming model iteratively. The algorithm, presented in Sect. 6.3.1, makes use 
of the idea of Fromen (1997). During the course of the algorithm, at an iteration n, 
the constraints related to the coalitions having excess of €, are transformed into 
equalities. As suggested by Fromen (1997), the algorithm should be terminated, 
if the equalities have full rank in which case the allocations of all the players are 
uniquely defined. In fact, the idea has been previously applied by Dragan (1981) for 
stopping his algorithm computing the prenucleolus. A brief review of the algorithms 
for computing the nucleolus of a cooperative game is found in Leng and Parlar 
(2010). 


6.2.2 Lexicographic Minimization 


In this section, we clarify the algorithm of Kopelowitz (1967), which constitutes 
a method for lexicographic minimization of the coalitional excesses. During the 
course of the algorithm, at each iteration n, an LP model is solved that minimizes 
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the mth maximum excess of the coalitions in a cooperative game. The algorithm 
starts at n = 1 with solving the following LP model, which is called P;: 


P, : Minimize €, 
subject to 


Som +61 = v(S) SCN,S #0 (6.1) 


ieS 


5 m = v(N) (6.2) 


ieN 
meR i EN, 
aer. 


Pı minimizes the first maximum excess in a game, which is modeled through the 
decision variable €;. The constraint set (6.1) forces €; to be at least as much as 
the maximum excess of all coalitions, where the parameter v(S) represents the 
payoff of the coalition S. The efficiency of the allocations are guaranteed through 
the constraint (6.2). 

Let (x, €) show the optimal solution for the model P;. That is, ef is the first 
minmax excess, which corresponds to the smallest € for which the e€-core is not 
empty. Thus, the set of payoff allocations, for which (z, €1) constitutes an optimal 
solution to the model P;, represents the least core of the game (recall Sect. 4.6.4). 
Moreover, the value of ¢} tells us whether the core of the game is empty or not. 
Suppose that e¥ < 0, which indicates that Dae s Ti = VCS) for each coalition S. In 
this case, the core is non-empty. On the other hand, a positive value of ef implies 
that the core is empty. 

After obtaining the first minmax excess, the model P; has to be modified to 
minimize the second maximum excess. Let 6,(S) denote the dual variable of the 
constraint in the constraint set (6.1) belonging to the coalition S. A positive 6;(S) 
value implies that at the optimal solution of P, the constraint (6.1) is binding for 
the coalition S. In other words, the excess of the coalition S is equal to e'. On the 
other hand, 6,(S) being 0 indicates that the constraint (6.1) is non-binding for the 
coalition S, and the excess of the coalition can further be minimized. Instead of 
checking the dual variables, we can think of using the slacks of the constraints in 
the primal model. However, in Sect. 6.2.3, we show that such an approach does not 
function properly. After the analysis of the dual variables, the algorithm continues 
to find the second minmax excess through solving the following P, model: 


Pa : Minimize €22 
subject to 


Som +2 = v(S) SCN,S#B, (S)=0, (6.3) 
ieS 
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Yomi = v(S)-ef SCN,S#GH A(S)>0, (6.4) 
ieS 
yr 
iEN 
mER ieN, 


ER. 


II 


v(N) 


P, minimizes the second maximum excess, which is denoted by €2. The constraint 
set (6.3) is defined for the non-binding coalitions, which have a zero dual variable in 
the first iteration. The excesses of the coalitions, which cannot be further minimized, 
are fixed to ef through the set of equality constraints given in (6.4). To make it 
general, the model for minimizing the nth maximum excess is: 


P, : Minimize €n 


subject to 
Som + €n = v(S) SCN,S#G, O-1(S) =0, 
ieS 

(6.5) 
Xr =v(N) 
iEN 
Yim =v(S)-—eF SCN,S #G4Ar € {l,...,n-1}: 6,(S) > 0, 
ieS 

(6.6) 
mqmeR iEN, 
En ER. 


The termination criteria for the algorithm is given in Fromen (1997) and Dragan 
(1981). The algorithm stops, if there exist |N| linearly independent equalities 
(including also the efficiency constraint) in the model P,,. The solution of these 
equalities gives a unique allocation, which corresponds to the nucleolus of the game. 
This condition can be tested using the information about the rank of the matrix, 
which is formed by the coefficients of the x; variables in the equalities of the 
model P,,. Note that the rank of a matrix gives the maximum number of linearly 
independent rows (or columns) of the matrix (see Bazaraa et al. 2005, p. 61). To find 
the rank, singular value decomposition method is applied (see Datta 2010, Sect. 7.8). 


6.2.3 A Numerical Example 


In this section, we illustrate the application of the lexicographic minimization, 
which is described above, to a small airline alliance revenue management game. 
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=} Airline]! == =8 > Airline 2 teense > Airline 3 


Fig. 6.1 The alliance network of the numerical example 


Table 6.1 Coalitional values for the numerical example 


S th {2} {3} {1, 2} {1,3} {2,3} {1, 2,3} 
v(S) 12,059 13,789 10,304 29,389 23,652 27,460 45,155 





Consider an alliance composed of three airlines each operating a single flight 
leg. The network of the alliance is given in Fig. 6.1. Accordingly, the flight legs AB, 
BC and CD are operated by the airlines 1, 2 and 3 respectively. The alliance offers 
flights between six OD pairs, each of which having three fare classes. Hence, there 
exist 18 ODFs in total. The information related to the demand, fare and capacity 
parameters is found in Tables A.1 and A.2 in the Appendix A.1. After solving the 
linear programming model presented in Sect.5.1 for each coalition S C N, we 
obtain the coalitional values that are shown in Table 6.1. 

Using those v(S) values, we first formulate the following P, model to minimize 
the maximum excess of the coalitions: 


P, : Minimize €; 
subject to 
mw, +e; > 12,059 


I. + €; > 13,789 


m3 + €; = 10,304 (6.7) 
mı +m + €1 > 29,389 (6.8) 
my +73 + €; > 23,652 
+73 + €; > 27,460 (6.9) 


My +72 + 73 = 45,155 


After solving Pı, we obtain the allocation 7 = (14,964, 17,156, 13,035) in the least 
core of the game with a minmax excess of e¥ = —2,731. At the optimal solution, 
the dual variables of the constraints (6.7) and (6.8), which are denoted by 6; ({3}) 
and 6;({1, 2}), are positive indicating that these two constraints are binding. Hence, 
their excess values are equal to ef and cannot be further minimized. After replacing 
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—2,731 for ef and formulating the equality constraints of type (6.6), the following 
P model is obtained to find the second minmax excess: 
Py: Minimize €z 
subject to 
Tı +€ > 12,059 
m2 + €2 > 13,789 
m3 = 13,085 
1 + m2 = 32,120 
1 + 73 + €2 > 23,652 
T2 +73 + €2 > 27,460 
mı + m2 + m3 = 45,155 
Solving the model P yields an allocation vector z = (14,877, 17,243, 13,035) with 
an optimal €} value of —2,818. Furthermore, the values of 62({1}) and 62({2, 3}) are 
positive. This leads to the model P3 given below: 
P3: Minimize €3 
subject to 
mı = 14,877 
> 13,789 
m3 = 13,085 
mı + m2 = 32,120 
+ 13 + €2 > 23,652 
m2 + 13 = 30,278 
mq, +72 + 73 = 45,155 


q 
N 
V 


However, the model P3 needs not to be solved, because there are already three 
independent equality constraints in P2, which define the allocation vector 7 
uniquely. Hence, V(N, v) = (14,877, 17,243, 13,035), which corresponds to the 
optimal solution of Pz. Observe that this solution is contained in the core of the 
game, since ef is negative. 

As we have mentioned previously, using slacks of the constraints instead of the 
dual variables does not provide correct results, because the algorithm terminates in 
an earlier iteration before reaching the nucleolus in case of working with slacks. 
Consider the numerical example given above. At the optimal solution of Pı, the 
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slacks of the constraints (6.7)—(6.9) are all zero. As a result, in the second iteration, 
the model P) would contain the following equations: 


m3 = 13,035 (6.10) 

xi +m = 32,120 (6.11) 

m2 + m3 = 30,191 (6.12) 

Ti +m +3 = 45,155 (6.13) 


The equation set (6.10)-(6.13) has a rank of three indicating that the algo- 
rithm should stop. However, as we have computed above, the allocation vector 
zx = (14,964, 17,156, 13,035) is not the nucleolus. The excess of the coalition 
{2,3} can further be minimized by increasing the allocation of the second airline. 
Indeed, obtaining the nucleolus requires one more iteration, but without the 
constraint (6.12). At the nucleolus, the payoff of the second airline is increased 
to 17,243, whereas the one of the first airline is decreased to 14,877. With this 
allocation, the second highest excess is minimized to —2,818. 


6.3. The Nucleolus of the Airline Alliance Revenue 
Management Game 


6.3.1 Lexicographic Minimization with a Constraint 
Generation Procedure 


The major difficulty in computing nucleolus is the exponentially increasing number 
of constraints of type (6.1). In order to formulate the model P;, we need to construct 
the constraint set (6.1). In other words, we have to find the value of the parameter 
v(S) for each coalition S C N, S Æ Ø. That is, we have to solve the cooperative 
revenue management model given in Sect. 5.1 for a number of 2!" | — 2 coalitions. 
However, this is an intractable solution approach even for games with a moderate 
number of players. To handle this difficulty, constraint generation procedures are 
proposed by Hallefjord et al. (1995) and Drechsel and Kimms (2010). 

In this section we describe an algorithm for computing the nucleolus, which is a 
combination of lexicographic minimization with a constraint generation procedure. 
The algorithm is first proposed by Hallefjord et al. (1995), where it is applied 
to find the nucleolus of linear production games. In this study, the algorithm is 
adapted to the airline alliance revenue management game. The basic idea of the 
algorithm is that it divides the payoff allocation problem into one master and 
one subproblem. The master problem is used to find the minmax excess and the 
optimal revenue allocation m, where a subset S of all the coalitions $ C N, 
S Æ Ø is considered. As shown by Hallefjord et al. (1995), the dual solution of 
the model has n + 1 basic variables indicating that at most n + 1 of constraints 
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are required to solve P,,. Unfortunately, we cannot know beforehand which of those 
constraints should be included in the model. The subproblem finds then coalitions, 
not included in the master problem, which have a greater excess value with respect 
to the current optimal allocation z. If such a coalition is found, it will be added to 
the master problem. In other words, using the constraint generation procedure the 
coalitions, which are necessary to obtain the nucleolus, are detected implicitly 
through the subproblem. Hence, we only require the values of the coalitions 
identified by the algorithm. Since v(S) has to be solved only for a small set of 
coalitions, the computational effort decreases significantly. 

One advantage of the algorithm is that it can flexibly be applied to other 
problems. Only the type of the subproblem would change. In addition to the linear 
production games, Gothe-Lundgren et al. (1996) apply the algorithm to find the 
nucleolus of a vehicle routing game with non-empty core. Engevall et al. (2004) 
extend their study to vehicle routing games with heterogeneous vehicles and again 
use the algorithm to compute the nucleolus. They report that for a game with 
21 players only 0.11% of the total number of constraints are required to obtain 
the nucleolus. The constraint generation procedure is used by Drechsel (2010) to 
compute core allocations for several types of cooperative lot sizing games.That 
study does not include lexicographic minimization, since the aim is to find an 
element in the core. Thus, it is sufficient to have any non-positive excess value 
without any further minimization. 

The algorithm for computing the nucleolus of the airline alliance revenue man- 
agement game starts by solving the problem P, with an initial set S of coalitions. 
Then, it detects through a subproblem whether there exist any coalitions outside this 
set for which the constraint (6.5) is violated with the current optimal allocation z. 
If there exists any, such a coalition is included in S and the constraint belonging to 
that coalition is added to the master problem. This constraint generation algorithm 
is implemented until there is no coalition left, which has an excess value greater 
than ef with respect to the current revenue allocation. 

For the sake of convenience, we choose to start solving P; with single coalitions 
{1}, {2},...,{N} . The formulation of the master problem model at this stage 1, 
which is called M P;(S), is given below. 


MP,(S): Minimize €; 


subject to 


X mi + €n = v(S) Ses (6.14) 
ieS 

Xori =v(N) 

ieN 

meR i EN, 

€l ER. 


92 6 Approximate Nucleolus-Based Revenue Shares for Airline Alliances 


The MP,(S) model differs from P; in that it finds «f and the corresponding 
allocation vector m, when only a set S of coalitions are considered. Since not all 
the coalitions S C N, S # @ are included in the constraint set (6.14), there 
may be coalitions outside the set S, which are less satisfied with respect to the 
current x. That means, some coalitions may have excess values greater than 
the current e¥ implying that eř is not feasible when the whole game is considered. 
Through solving a subproblem, we find those dissatisfied coalitions and add their 
satisfaction constraints to M P,(S). The subproblem for the airline alliance revenue 
management game at stage 1, which is called SP (7, €1) is formulated as follows: 


P IN| 
SP(x,€1): Maximize Ý fkYk — Y 7 Zi =é (6.15) 
k=1 i=l 
subject to 
p IN] 
X aY < Ý Cuz l=1,...,m, 
k=1 i=l 
IN| 
Ye < Yo [wie E[De)) Zi k=1,...,p, 4616) 
i=l 
IN| 
$ Z <|N|-1, 
i=l 
Y, > 0 k=1,...,p, 
Z; € {0,1} i=1l,..., N. 


SP(z, €;) finds the coalition $*, which is least satisfied with respect to the current 
revenue allocation x and the current value €,. The parameters z; and €; are obtained 
from the solution of the M Pı (S). The objective function (6.15) finds the maximum 
excess of the coalitions outside S. In other words, it finds the excess of the least 
satisfied coalition S*. The decision variable Z; takes the value of 1, if player i is 
included in S* and 0 otherwise. If the objective function value of SP (z, €,) is non— 
positive, we conclude that all of the coalitions are satisfied and the current €; is the 
first minmax excess. If not, we update the set S by including S* in it and add the 
following constraint belonging to the coalition S* to M P,(S): 


>. mi + > v(S*). (6.17) 
ies* 


Then, the modified master problem MP,(S), which contains the above con- 
straint (6.17) is solved to obtain the new value for €,. Following the master problem, 
the subproblem SP(z, €;) is solved as long as the optimal solution of it is positive. 
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In order to prevent the subproblem from revealing the same coalition more than 
once, the following constraint to SP (z, €;) is added after: 


4+ DI d-Z)sINI-1 (6.18) 


ieS* i€(N\S*) 


If the objective function value of (6.15) is not positive, the algorithm continues to 
minimize the second maximum excess. As it is explained previously, the constraint 
set (6.6) is constructed by using the dual variables and the model M P2(S) is solved. 
The least satisfied coalitions are found again through the subproblem SP (z, €2) and 
the corresponding constraints are added to the master problem. Hence, the constraint 
generation procedure is applied at each stage n of the lexicographic minimization 
process where the mth maximum excess is minimized. The algorithm terminates, 
if the model MP,,(S) has |N| linearly independent equalities. To generalize, the 
formulation of the master problem at stage n is given below: 


MP,,(S): Minimize €n 
subject to 


So mi + €n = v(S) SES, O-1(S)=0, (6.19) 
iES 
yt 
1E€N 


ya = v(S)—e* SeSIre{l,...,n—1}:6,(S)>0, (6.20) 


ieS 


v(N) 


mER i EN, 
Ean ER. 


Hence, MP,,(S) minimizes the maximum excess with respect to the satisfaction 
constraints belonging to the coalitions in the set S. Among them, the constraint 
set (6.19) refers to the ones which are non-binding at the previous stage, whereas 
the set (6.20) refers to the ones that are binding. 

The algorithm for computing the nucleolus is summarized below. 


Step 0. Letn = 1. Define an initial set of coalitions S and compute their coalitional 
values through solving v(S). Additionally, compute v(V). 


Step 1. Solve M P, (S) optimally to get x and en. 


Step 2. Solve SP(z,€,) optimally to get S*. If the objective function value of 
SP (2, €,) < 0, go to step 4. 
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Step 3. Update S such that S* is added. Add the constraint belonging to the 
coalition S* to MP,(S). Add X` ;cs+ Zi + View\s — Z;) < |N| —1 to the 
SP (7, €n). Go to step 1. 


Step 4. Find the constraints in the current MP,,(S) with a dual variable greater 
than 0. 


Step 5. Letn = n + 1. Convert the constraints with positive dual variables to 
equalities of type (6.20). If there are |N| linearly independent equalities in the 
model, STOP. Otherwise go to step 1. 


6.3.2 A Numerical Example 


This section shows the computation of the nucleolus of an airline alliance revenue 
management game through the example, which is presented in Sect. 6.2.3. During 
the computation, the algorithm described in the previous section is implemented, 
where lexicographic minimization is carried out with the constraint generation 
procedure. 

The computation of the nucleolus for the example is performed using the 
following steps: 


Step 0. Letn = 1. We set S= {{1}, {2}, {3}} and solve the model v(S) for the 
single coalitions and for the grand coalition to obtain their coalitional values. 
Accordingly, v({1}) = 12,059, v({2}) = 13,789, and v({3}) = 10,304. Moreover, 
v({1, 2, 3}) = 45,155. 


Step 1. We solve the following M P, (S) model: 


M P(S) : Minimize € 
subject to 
m +e, > 12,059 
T2 + €1 > 13,789 
m3 + €1 > 10,304 


mitm + m3 = 45,155 


The revenue allocation vector mz = (15,060, 16,790, 13,305) is obtained. The value 
of €; is found to be —3,001. 


Step 2. We solve the subproblem SP (z, —3,001) and obtain an objective function 
value of 540, where Z; = Z. = 1 and Z3 = 0. 

Note that v({1,2}) = 29,389 follows directly from z and €,. The dissatisfaction 
of the coalition {{1, 2}} at the optimal solution is —3,001 + 540 = —2,461. Hence, 
v({1, 2}) = 15,060 + 16,790 — 2,461 = 29,389. 
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Step 3. S* = {1,2}. We update S such that S = {{1}, {2}, {3}, {1, 2}} and add the 
following constraint to the master problem: 


Tı +m. + €; > 29,389 (6.21) 
The formulation of the updated master problem to be solved is given below: 


MP\(S) : Minimize €; 
subject to 
Tı + €1 > 12,059 
m2 + €1 > 13,789 
m3 + €1 > 10,304 
mı +m + €1 > 29,389 
mita + m3 = 45,155 


Additionally, we add the following constraint to the subproblem: 
Zit Zat =) 2: (6.22) 


Step 1. Solving the updated master problem, we obtain €; = —2,731 and the 
optimal allocation vector z = (14,790, 17,330, 13,035). Observe the increase in the 
value of €1. 


Step 2. Taking €; and the allocation a as parameters, we solve the subproblem 
SP(a,—2,731). Since the objective function value is negative, the constraint 
generation procedure is terminated for the first minmax excess, and we continue 
with Step 4 to find the second minmax excess by building the equality constraints 
of the master problem. 


Step 4. We check the dual values of the constraints contained in the current master 
problem M P;(S) and observe that 6; ({3}) and 6; ({1, 2}) are positive. 


Step 5. n = 2. The corresponding equalities are added to the master problem, which 
results in the following M P2(S): 


M P(S) : Minimize €z 
subject to 
xı +€ > 12,059 
mT + € > 13,789 
m3 = 13,035 
xı + m2 = 32,120 
mita + m3 = 45,155 
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Since there do not exist three linearly independent equalities in M P(S), the 
algorithm does not stop and continues with Step 1. 


Step 1. Solving M P2(S) yields an optimal e value of —3,136 and an optimal 
revenue allocation vector 7 = (15,195, 16,925, 13,035). However, there may be 
coalitions outside S that have an excess greater than —3,136. 


Step 2. The solution of the subproblem SP(z, —3,136) gives an objective function 
value of 636 with Z; = 0,Z. = Z3 = 1. Therefore we update S such that 
S = {{1}, {2}, {3}, {1, 2}, {2, 3}} and add the constraint related to the coalition {2, 3} 


to the master problem: 
M P(S) : Minimize €2 

subject to 
mı +e > 12,059 
T2 + € > 13,789 
m3 = 13,035 
1 + 2 = 32,120 
Mo+73 + €2 > 27,460 
+72 + 13 = 45,155 


Step 1. Through solving M P3(S) we obtain an €2 value of —2,818. 


Step 2. The subproblem SP (7x, —2,818) gives a negative objective function value. 
Hence, we continue with the construction of the equalities (Step 4). 


Step 4. At the optimal solution of the current MP,(S), 62({1}) and 62({2, 3}) are 
positive. Therefore, we add the following constraints to M P2(S): 
mı = 14,877 
m2 + m3 = 30,278 


Then, the equality constraints of the model M P(S) are given as: 


mı = 14,877 

m3 = 13,035 

xı + m2 = 32,120 

m2 + m3 = 30,278 

mı + m2 + m3 = 45,155 
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Step 5. At this step, there are |N| = 3 linearly independent equations in M P2(S), 
which define the revenue allocation uniquely. Hence, the algorithm stops and the 
nucleolus of the game corresponds to 7 = (14,877, 17,243, 13,035). 


6.4 A Revenue Proration Scheme 


This section proposes a revenue proration scheme for airlines based on the 
nucleolus. The scheme defines how the fare of a ticket for a flight should be shared 
among the airlines so that the revenue distribution is fair. 

The computation of the nucleolus of the airline alliance revenue management 
game has been explained in the previous section. However, the total alliance revenue 
v(N) and the coalitional values v (S) are computed based on a deterministic model. 
Therefore, v(S) provides for all S C N an upper bound for the expected revenue 
that will be generated throughout the booking horizon (Chen et al. 1998). To cope 
with this drawback of the DLP model, we propose to use revenue shares rather 
than absolute revenue allocations. They are found through a randomized procedure, 
which takes the stochastic nature of the alliance demand into account. 

We describe below the computation of the nucleolus-based revenue shares for 
the alliance partners. The procedure is similar to the one suggested by Talluri 
and van Ryzin (1999) for computing randomized bid prices in an airline network. 
Instead of working with expected demand values, we simulate a sequence of demand 
realizations and compute the nucleolus for each of these simulations. Then, the 
revenue share of an airline in a simulation run is found by dividing the allocation 
of the airline to the total alliance revenue obtained in that run. Finally, the revenue 
share of an airline is equal to the average of its revenue shares over all runs. 

Let D = D;,..., Dp be the demand vector containing the demand values of 
the ODFs. We generate U samples of the demand vector D and denote them by 
D!',..., DY. The nucleolus allocations are computed for U times with randomized 
demand data and each of the U runs is called a simulation. Hence, the parameter 
Dý shows the demand of the ODF k in the simulation u. For the implementation of 
the randomized procedure, the only change needed is in the constraint (6.16) of the 
subproblem. The parameter E[D;] is replaced by the random variable Dj. 

Let W, be the total alliance revenue earned in the simulation run u with the 
generated D; values. Likewise, z;‘ denotes the revenue allocation of the airline i 
in the uth run. Then, the proportion of revenue that an airline should receive, which 
is represented by a;, is determined as follows: 


U 
aj = D(a /W,)/U. (6.23) 
u=1 
These revenue shares will be used as proration rates to divide the revenue 
obtained from selling a flight ticket among the alliance members. Note that we use 
the notations a;, = a(i, ODF) = a(i, OD, F) to denote the revenue share of an 
airline į on a flight between an OD pair belonging to the fare class F. 
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6.5 Computational Study 


In order to test the performance of the algorithm for computing nucleolus-based 
revenue shares, we implemented it on randomly generated alliance networks. The 
results are summarized under two categories depending on the size of the considered 
networks, and they are presented in the following sections. 


6.5.1 Medium Sized Networks 


We generate alliance networks of different size by varying the number of airlines 
|| systematically such that 


IN] € 3,4, 5, 10, 15, 20}. (6.24) 


The well known real life examples of passenger airline alliances are Star Alliance, 
SkyTeam and Oneworld, with 27, 13 and 12 members, respectively. Therefore, we 
believe that the |N| values used in the instances are representative for real life 
problems. 

Figure 6.2 illustrates a sample alliance hub-and-spoke network with four part- 
ners. Each airline i has one hub (H;) and two spokes (S;) connected to that hub. 
An airline operates the flight legs connecting its spokes to the hub and one the 
flight leg connecting its hub to the other hubs in the network. In this representation, 
the alliance offers flights between 76 OD pairs. Among them, 20 are single-leg 
flights, 28 two-leg flights and 28 three-leg flights. In our computational study we 
maintained the network structure given in Fig.6.2 with the exception that we did 
not allow flights between two hub pairs requiring three legs. We generated random 
alliance networks composed of |N| airlines operating on 5|N| flight legs. It is 
assumed that an alliance can offer flights composed of one, two or three flight legs. 
In other words, flights inducing more than two intermediate stops are not feasible. 
Hence there are 18|N| OD pairs in our networks, where the ratios of single-leg 
flights, two-leg flights and three-leg flights are 5/18, 7/18 and 6/18 respectively. The 
flight legs are assigned to the airlines so that a leg is operated by either one or two 
airlines. It would be more realistic to allow an airline to operate both departing and 
returning flights connected to its hub. Also, the number of intermediate stops would 
be reduced if all the hubs are connected to each other. However, it has to be noted 
that these limitations are set only to control the size and the structure of the problem 
networks, they are not general properties that an alliance network must fulfill. Many 
other configurations can be imagined representing the real airline alliance networks. 

Additionally, we assume that there exist three fare classes for each OD pair, 
where 


BS bs fu (6.25) 
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—— Airline] seeen > Airline2 = 55% > Airline3 seemne. > Airline 4 


Fig. 6.2 Illustration of an artificial alliance network with four airlines 


Hence, p = 3 x 18 x |N| ODF combinations are considered. According to McGill 
and van Ryzin (1999), the Poisson process is a common way to model the airline 
demand. Therefore, the demand for an ODF k through the whole booking horizon 
is assumed to be Poisson distributed with parameter t;,. As reported by Hallefjord 
et al. (1995), the performance of the algorithm to find the nucleolus depends on both 
the number of players and the problem data. Therefore, we also allow the fares and 
capacities to vary across problem instances. The fare of an ODF k is assumed to be 
uniformly distributed with parameters b, and by and the available seat capacity of 
an airline on a flight leg is varied between 150 and 250. In practice, airlines have 
alternative aircraft types to be used on a flight leg. For this reason, it is plausible 
to consider different capacity parameters. Moreover, an airline may use more than 
a single aircraft for a specific flight leg, which is a decision given exogenously. 
Therefore, these capacity values can be regarded as the total available capacity. The 
information related to the demand and fare parameters is given in Table 6.2. For the 
sake of simplicity, the parameters differ depending only on the type of the flight. 
For an alliance with |N| number of players and p number of ODF combinations, 
four alliance networks have been generated, which are differentiated through the 
assignment of the flight legs to the airline partners. In order to obtain the revenue 
proportions for a specific alliance network, we run the algorithm 30 times with 
parameters selected from the given distributions. As a result, 120 problem instances 
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Table 6.2 Demand and fare distribution parameters for the problem instances 





Type of the flight Fare class Tk b; bk 
9 50 70 80 
1 leg 2 40 120 130 
1 30 170 190 
3 40 130 150 
2 leg 2 30 170 190 
1 20 220 240 
3 30 200 220 
3 leg 2 25 270 290 
1 20 370 390 








Table 6.3 Average and 


: Problem size # of constraints 
maximum number of — — 
constraints required for IN] p Avg. Max. 
computing the nucleolus 3 162 2.53 3 

4 216 4.97 6 
5 270 11.40 15 
10 540 11.33 17 
15 810 18.80 71 
20 1,080 52.60 732 


have been created for each value of |N | and p. The algorithm was implemented in 
C++ using the Concert Technology API of CPLEX 10.0. 

To evaluate the performance of the algorithm for the airline alliance revenue 
management game, we analyzed the number of constraints added to MP,,(S) and 
the average CPU times. For each combination of |N | and p, we measured the CPU 
time elapsed in each of the 120 runs through the clock function in C++. Then, we 
took the average of these CPU times over all the 120 runs. The results are presented 
in Tables 6.3 and 6.4 with respect to different combinations of |N | and p. 

It turns out that the algorithm is quite effective in finding nucleolus-based revenue 
allocations for airline alliances. For an airline alliance revenue management game 
with 20 players, we had to generate approximately 53 constraints on the average. 
This is an impressive result, when the actual number of constraints of the problem 
(27° — 2) is considered. However, similar to the observations of Hallefjord et al. 
(1995), the results depend heavily on problem data. In the instances with five 
players, the average number of constraints added to the master problem is almost 
the same as in the instances with ten players. 

Moreover, the computation of nucleolus-based revenue allocations requires 
reasonable amount of time even for big airline alliances. The average CPU time 
for an instance with |N | = 20 players is 177s and it is about 5s for instances with 
|N| < 10. 
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Table 6.4 Average CPU 





time required for computing Problem sizè CPU tiie (ims) 
the nucleolus IN| p Avg. 
3 162 0.19 
4 216 0.43 
5 270 1.58 
10 540 5.01 
15 810 24.43 
20 1,080 177 
Table 6.5 Results for large-scale networks 
Problem size # of constraints CPU time (in min) 
[N| m p Avg. Max. Avg. 
10 1,500 9,000 22.26 28 22.22 
15 1,500 9,000 41.13 56 89.32 
20 1,500 9,000 93.29 103 376.28 
10 500 9,000 18.04 29 50.67 
15 500 9,000 28.90 40 109.88 
20 500 9,000 74.14 80 330.72 
10 500 4,500 10.00 10 2.96 
15 500 4,500 15.00 15 5.62 
20 500 4,500 20.53 21 10.55 
10 1,000 6,000 15.58 26 4.88 
15 1,000 6,000 22.00 51 10.89 
20 1,000 6,000 23.00 62 15.74 





6.5.2 Large Scale Networks 


The instances we have considered so far are representative for real passenger airline 
alliances in terms of the number of partners. However, the same cannot be argued 
when the size of the networks are considered. In practice, alliance networks are 
usually much larger. To analyze the performance of the algorithm on real life 
problems, we create additional instances including large number of flights and flight 
legs. The results for these large-scale networks are given in Table 6.5. 

For each problem size, we again consider 120 instances. According to the statis- 
tics of Oneworld alliance (www.oneworld.com), the alliance serves 901 airports and 
offers 9,381 daily departures. Although this number does not include the different 
types of fare classes, we take it as a reference point in our experiments. Moreover, 
Star Alliance, which is currently the biggest in the market, serves 1,160 airports 
currently (www.staralliance.com). Therefore we first design instances with 9,000 
ODFs and 1,500 flight legs. During the computation of the large-scale instances, 
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we allow the capacity parameter to increase up to 350, since we observe in most of 
the instances that the number of required constraints and thereby the solution times 
increase, if the capacities are a bit higher. For the alliances composed of 10 airlines, 
the nucleolus is reached in about 22 min, which still is a reasonable computation 
time. If the size of the alliance gets bigger, however, the solution of the subproblem 
takes much longer because of the increased number of integer variables. As a result, 
the computation time for nucleolus is very high for the instances with 20 airlines, 
where we run the algorithm just for 15 instances. In order to investigate the effect 
of the number of the flight legs on the solution time, we generate instances with 
500 flight legs by keeping the number of ODFs at 9,000. However, no significant 
decrease is observed in terms of the solution time. Moreover, for instances with 
|N| = 10 and 15, the computation times turned out to be higher. This again supports 
that the results depend on problem data. In the next step we keep the number of 
flight legs constant at 500 and decrease the number of ODFs to 4,500. As it can 
be seen from Table 6.5, the average solution times are decreased to a great extent. 
The nucleolus is reached in about 10 min for instances having 20 airlines and in 
3 min for instances with ten airlines. The computation times are again moderate, if 
the number of flight legs and ODFs are increased to 1,000 and 6,000 respectively. 
Hence, we can argue that the algorithm is effectively applied for airline alliances 
with 4,500 oder 6000 flights. However, by p = 9,000, it is only practical to use it 
for the cases wheren < 15. 


6.6 The Use of the Nucleolus-Based Allocations 
as a Benchmark 


In the following, we implement a decentralized revenue sharing mechanism. 
Through a numerical example, we illustrate the use of the nucleolus-based revenue 
shares as a benchmark. 

We assume that each airline in the alliance makes its revenue management 
decisions individually and applies a FCFS booking control policy. Figure 6.3 
illustrates the simulation of the decentralized booking process of an alliance with 
a FCFS Policy, where the fare of an ODF is shared among the airlines proportional 
to the traveled distance. Suppose that at any point in time during the simulation run 
u, a customer arrives to an airline 7, who would like to travel between an OD pair 
in a specific fare class. To keep it general, we assume that a request for an ODF 
may also come to an airline, which does not operate any of the flight leg of the 
desired flight. The notation RFS is used to denote the decentralized revenue of the 
airline į at any time in the simulation run u obtained through the FCFS Policy. At 
the beginning of the simulation, the revenues of the airlines are initialized to zero. 

The airline į that receives the request checks first if it has capacity available on 
any of the flight legs used by the ODF k. We introduce the parameter I";,;, which 
is initialized to zero for all j, k,l before the start of the booking process. Its value 
is assigned to one during the simulation, if the airline j can offer capacity for the 
ODF k on the flight leg /, and 0, otherwise. 
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A request for the ODF k arrives to the airline i 
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Fig. 6.3 Simulation of a decentralized booking process with a FCFS Policy 


Since the airline i is ready to sell a seat to the ODF k on the flight legs ] € J 
on which it has capacity, i.e., C;; > 0, the corresponding T;ķı parameters are set 
to one. For the remaining flight legs Z, where C;; = 0, the airline i tries to find a 
partner airline j with Cj; > 0 so that the request can be accepted. If there exists 
more than one airline eligible for a flight leg 7, one of them is chosen randomly 
and the corresponding I°;,; value is set to one. The request is accepted as long as 
there exists one airline j with I"jx; = 1 for each flight leg / € 7%. Otherwise, it is 
rejected. 

In case of acceptance, the capacities and the revenues of the airlines are updated. 
To be more specific, the capacities of the airlines on the flight legs where Tj; = 1 
are decreased by |. To update the revenues, first the revenue shares of the airlines 
that are involved in the ODF have to be calculated. Let L; denote the length of the 
flight leg 7. Let a;, be the proportion of the fare that the airline i should receive 
when a ticket for the ODF k is sold. The value of a;, is defined as: 


y, Lee 
leTh 
Yi ’ 


lETk 


dik = i=1,..., |N], k=1,...,p. (6.26) 
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Table 6.6 Comparison of (a) |N| = 3 and p = 162 
FCFS and nucleolus-based 
revenue shares Revenue shares 
Qa) a2 a3 
FCFS 0.17 0.45 0.38 
Nucleolus 0.26 0.44 0.30 





(b) |N| = 4 and p = 216 


Revenue shares 





ay a2 a3 a4 
FCFS 0.20 0.35 0.26 0.19 
Nucleolus 0.22 0.28 0.25 0.25 





Through (6.26), each airline is assigned a revenue proportional to the distance 
traveled using its resource. Then, the revenues of the airlines j € N with jx; = 1 
are updated as RRS = A + aj Xx fe. 

We simulate the alliance! bodine process for the instances with |N | = 3 airlines, 
p = 162 ODF combinations and with |N| = 4 airlines, p = 270 ODFs. Each 
flight leg is assigned a length, which is randomly selected from a set containing 
20 values ranging from 150 to 11,000 (see Table A.3 in the Appendix A.1). We 
have examined the network of the Oneworld Alliance and confirmed that this lower 
and upper values are representable for a real alliance network (see http://onw. 
innosked.com/?show=MAP). The ODFs are composed of one, two, or three flight 
legs, and their demands are assumed to be Poisson distributed with the parameters 
given in Table 6.2 with respect to the type of the flight. Similar to the previous 
experiments described above, 30 instances are generated with different demand 
values. Besides the level of expected demand, the arrival order of customers is 
another factor affecting the revenue obtained during the booking process. Therefore, 
we generate 30 different customer sequences for each instance. Hence, for a given 
alliance network we have U = 900 simulation runs in total. Let R’“® be the total 
revenue of the alliance in the simulation run u. Hence, the revenue share of the 
airline į is found by the following equation: 


lu 


gs = (RES) / RECS) /U. (6.27) 


u=1 


Different from the nucleolus, when a ticket for an ODF is sold, its fare is 
distributed only to operating airlines. Each airline earns a revenue proportional to 
the total distance traveled on the flight leg it operates. That is, the airline receiving 
the request takes its share from the fare and gives to each airline taking part at the 
ODF the remaining amount multiplied with the corresponding shares. 

Table 6.6 compares the revenue shares obtained through the mechanism with the 
nucleolus-based revenue shares. 

Table 6.6a shows the results for the first set of instances. Accordingly, the revenue 
share of the first airline in the decentralized setting is underestimated, whereas the 
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one of the third airline is overestimated in comparison to the nucleolus. The results 
for the second set of instances are presented in Table 6.6b. In this case, airline 4 
has a definitely smaller revenue share compared to the nucleolus, whereas airline 2 
has a larger. One can apply other revenue sharing rules resulting in different revenue 
distributions, which usually do not correspond to the nucleolus. 

In the next chapter, we develop a method to evaluate the fairness of the revenue 
sharing mechanisms when a central decision making system is not possible. The 
method uses the nucleolus-based revenue allocations as a benchmark. 


6.7 A Small Scale Simulation Study 


It is previously shown that the algorithm presented in Sect. 6.3.1 can successfully 
be applied for obtaining revenue shares in alliance networks. The resulting revenue 
shares depend on the values of the coalitions, v($), which are computed through a 
model based on the DLP. However, as stated previously, the DLP Model provides 
an upper bound for the expected revenue that can actually be obtained. To overcome 
this drawback we proposed in Sect. 6.4 a randomized approach, where the revenue 
shares are calculated as the average of several nucleolus allocations that are found 
with different demand data. A simulation study was carried out in order to analyze 
whether the revenue shares obtained through the proposed method are realistic in 
the presence of stochastic customer arrivals. We consider an alliance and simulate 
the booking process for each coalition that may be formed by the partner alliances. 
After obtaining the v(S) values at the end of each simulation, we compute the 
nucleolus allocations and find in what proportions the alliance revenue is divided 
by the airlines. These proportions are compared with the nucleolus-based revenue 
shares, which are found with the randomized approach. 

Since the simulation of the booking process for each possible coalition is a 
cumbersome task, we selected a small alliance network composed of three airlines 
each of which is operating on a single flight leg (see Fig. 6.1 on p. 88). These three 
airlines can form 2° — 1 coalitions including the alliance, which consists of all three 
airlines. 

Before the start of the booking horizon, for every coalition S, the DLP 
model is solved and the partitioned seat allocations are found. Then the resulting 
allocations are nested and the booking process is simulated. As it has been stated 
in Sect. 2.4.2.2, a nesting heuristic is proposed by de Boer et al. (2002) for single 
airline network revenue management problems, which estimates the net contribution 
of an ODF to the network through the formula (2.17) by using the dual prices of the 
capacity constraints in the deterministic model. In this simulation study, we adapt 
the proposed method in determining the nesting order of the ODFs. 

Let œw denote the shadow price of the capacity constraint (5.2) for flight leg /. It 
is assumed that the ODF has an opportunity cost which is approximated by the sum 
of the shadow prices of the flight legs it uses. Then, the net contribution of the ODF 
to the network revenue, defined by NC,, is defined as the difference between the 
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fare and the opportunity cost of the ODF. That is, NC, = fk — >> leq, %1» Where 
Tk is the set of the flight legs that are used by ODF k. An ODF with a higher NC, 
value is ranked higher than the ODFs having lower NC; values. 

After the ODFs are ranked, we simulate the booking process for every coalition 
S by implementing the nesting heuristic provided by de Boer et al. (2002). The main 
idea of the heuristic is to determine nested protection levels for the ODFs on each 
flight leg and accept a request for an ODF as long as the available capacities of the 
required flight legs are above its protection level. Note that the representation k > q 
implies that the ODF k is ranked higher than the ODF q. Let C; be the available 
capacity on the flight leg / at any time in the booking horizon. Recall that £; is 
the set of ODFs traveling through the flight leg /. The heuristic, which follows a 
standard nesting procedure, is carried out in the following steps: 


Step 0. Initialize the capacity of each flight leg / such that C; = gr Cii. For each 
ODF k, initialize the number of seats that should be protected against lower ranked 
ODFs. That is, set x, = Y;. Note that the value of Y; is obtained through solving 
the model v(S) given through (5.1)—(5.4) in Sect. 5.1 for the considered coalition S. 


Step 1. A request for an ODF g arrives and an accept/reject decision has to be made. 
Find the total number of seats to be reserved on each flight leg / € 7; for the ODFs 
that are ranked higher than q. That is, calculate X; = )°,¢ Eqjkog Xk- 


Step 2. Calculate the available capacity Cmin(q) for the ODF g such that Cmin(q) = 
minier, {Cı — X1}, where 7; denotes the set of the flight legs used by ODF q. 


Step 3. Accept the request, if Cmin(q) > 0. Update the available capacities of the 
flight legs such that C; = C; —1 for all/ € J. Set x7 = max(xq — 1, 0). Otherwise, 
reject the request. 


Step 4. Go to step 1, if a new request arrives. 


Step 0 first initializes the capacities of the flight legs. Then, it finds the number of 
seats x, to reserve for each ODF k. At the beginning, the value of x, is equal to the 
partitioned booking limit of the ODF k, which is found through solving the linear 
programming model given in Sect. 5.1. The value of x; will be decreased by one in 
Step 3 whenever a request is accepted, since there is no need to protect the seat any 
more. Hence, the heuristic implements a standard nesting procedure. 

Step | is carried out at any point in time, when a request for a particular ODF q 
arrives. It computes the nested protection level of the ODF q on each flight leg / to 
be used. That is, £; represents the total number of seats, which has to be protected 
for the ODFs that are ranked higher than q on the flight leg /. 

Step 2 calculates C,,;,(q), which denotes the number of seats that is available for 
the ODF k. It is equal to the minimum of the remaining capacities of the flight legs 
that are used by the ODF k. 

Step 3 defines the necessary condition for acceptance. The request is accepted, if 
there is still capacity available for the ODF q on all the used flight legs. Otherwise, 
it is rejected. After a decision is made, the heuristic continues from Step | in case 
of a new arrival. 
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Table 6.7 Comparison of the 


revenue allocations Scenario i" a” (%) _ ai (%) 

1 1 19,610 33.5 34.5 

2 18,873 32.2 31.0 

3 20,119 34.3 34.5 

2 1 19,797 31.0 32.0 

24,202 37.9 37.0 

19,852 31.1 31.0 

3 1 29,169 27.7 28.4 

2 46,191 43.9 43.2 

29,910 28.4 28.4 





For the given alliance network, we create three scenarios by changing the 
capacity and expected demand values. The information related to the demand and 
fare values of the ODFs as well as the capacity levels of the flight legs is given in 
Table A.4 is not in Appendix A.1. The data is adapted from the numerical study 
presented in de Boer et al. (2002). For each scenario, we simulate the booking 
process of the possible coalitions composed of one or two partners and of the 
alliance including all the three airlines. After getting the values v(S) of these 
coalitions, we calculate the nucleolus of the game. That is, we solve the models P,, 
starting with n = 1 until the unique optimal solution is found. Since the values of 
the coalitions have already been obtained in the simulation, the constraint generation 
algorithm is not performed at this step. For the same alliance network and scenarios, 
we also compute the nucleolus-based revenue shares with the proposed randomized 
approach. 

Table 6.7 compares the revenue shares of the airlines resulting from these two 
approaches for each scenario. The parameters 73" and a*"" show, respectively, 
the revenue allocation and the revenue proportion of airline 7 resulting from the 
simulation. We compare these values with the revenue shares obtained by our 
randomized approach, which uses the DLP model. Let œ; represent the nucleolus- 
based revenue share of the airline i found with the randomized approach using the 
Eq. (6.23). That is, airline i has a; portion of each ticket sold. 

As it can be seen from Table A.4 in the Appendix A.1, in the first scenario, each 
airline has an initial capacity of 180 on the flight leg it operates. The ratio of the 
expected demand traveling through a flight leg to the capacity of the flight leg is 
1.5 across the alliance network. The OD pairs have similar demand distributions 
except for BC, which has a relatively lower tẹ value. In the second scenario, the 
seat capacity of the second flight leg is raised to 210 together with an increase in the 
value of t for BC. 

The first thing to notice is the decrease in the revenue share of the third airline 
in the second scenario, although its capacity and demand levels do not change. 
This can be explained with the increasing power of the second airline through 
having larger capacity and expected demand. If the œ” and œ; values in these two 
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scenarios are investigated, it can be argued that the proposed randomized approach 
captures successfully the change in the revenue shares. The third scenario (see 
Table A.4 in the Appendix A.1) is created to see the difference between the two 
approaches when the demands of the ODFs show higher variation. Therefore, the 
expected demand values are increased, which causes an increase in the variance of 
the Poisson distributed demands. Moreover, the fares of the first class flights are kept 
higher than in the other two scenarios. It turns out that the nucleolus-based revenue 
shares found with the proposed randomized approach and simulation do not show a 
significant difference. As a result, we can argue that the proration rates found with 
our randomized approach can properly be applied to airline alliances. 
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Chapter 7 
Selfish Revenue Sharing Mechanisms 
for Airline Alliances 


So far we have assumed that revenue management decisions of an alliance are 
made centrally such that the airlines maximize the revenue of the whole alliance. 
However, in an airline alliance, each airline makes its seat allocation decisions 
selfishly with the aim of maximizing its own revenue. In this chapter, we define 
several revenue sharing mechanisms, which are applied in a selfish setting and 
propose a method to evaluate the fairness of these mechanisms. The method includes 
a simulation model for the booking process of the alliance and uses the nucleolus- 
based revenue allocations as a benchmark. Through a numerical study, the fairness 
of the allocation mechanisms is compared with each other and against a random 
revenue sharing approach. In a further analysis, the fairness evaluation is performed 
by benchmarking the allocations to the Owen set-based allocations. Consistent 
results have been drawn from the two analyses. This chapter is based on Cetiner 
and Kimms (2013). 


7.1 Selfish Revenue Sharing in Airline Alliances 


As mentioned previously, in an airline alliance, the partners agree on some revenue 
sharing mechanisms before the start of the booking horizon. These mechanisms 
define the proportion of the revenue that an airline should receive when a flight 
ticket is sold. Given this predetermined mechanism, each airline in the alliance 
individually decides how to allocate its available seat capacity to different ODFs. 
During this decision process, the airlines show a selfish behavior in that they aim to 
maximize their own expected revenue and not the one of the whole alliance. Since 
the values of each flight to an airline differs according to the applied proportions, 
the airlines’ decisions and the revenue obtained at the end of the booking horizon 
are heavily dependent on the choice of the revenue sharing mechanism. Therefore, 
it may happen that the applied revenue sharing mechanism results in an unfair 
distribution of the revenue among the airlines. 
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In Chap.6 we have proposed a fair revenue sharing mechanism based on the 
nucleolus, which is a solution concept of cooperative game theory. The computation 
of the nucleolus allocations is based on the assumption that there is a centralized 
authority making the seat allocation decisions of the alliance. However, such a 
centralized decision making system is not realizable for airline alliances because 
of the technical incompatibilities and antitrust laws (see Wright et al. 2010). Since 
the alliance partners manage the flight capacity independent of each other, their 
decisions usually do not coincide. As a result, fair allocations provided by the 
nucleolus are usually not attainable. To the best of our knowledge, there is no study 
in the literature on quantifying how fair the revenues under a selfish revenue sharing 
mechanism are. The question to be addressed can be posed as follows: How far are 
the revenue allocations resulting from any revenue sharing mechanism applied in a 
selfish decision making environment from the fair allocations? 

In this chapter, we develop a framework for evaluating the fairness of the selfish 
revenue sharing mechanisms in airline alliances. The mechanisms are called selfish 
for two reasons. First, the airlines have a selfish behavior and make the capacity 
management decisions independently. Second, the fare of a flight ticket is shared 
only among the airlines operating the flight. Specifically, we examine three selfish 
revenue sharing mechanisms, which are considered as heuristic approaches to 
distribute the revenue of the alliance to the partners: traveled distance heuristic (Tra. 
Dist.), local value heuristic (Loc. Val.), and leg-based demand heuristic (Leg-Bas. 
Dem.). It is assumed that the alliance partners agree on the proration rates defined 
by these mechanisms. Given these proration rates, the seat allocation decisions 
of the individual airlines are computed at the beginning of the booking horizon. 
The booking process is simulated to find the alliance revenue and the revenues 
of the individual airlines. A reallocation procedure is applied during the booking 
process to reduce the number of empty seats, which arise when the decisions of the 
airlines on interline flights do not match. To evaluate the fairness of the investigated 
mechanisms, we provide a fairness measure which uses the nucleolus allocations as 
a benchmark. 

In the following sections of this chapter, the revenue management process of 
the alliance and the method for the fairness evaluation are presented together with 
a computational study. Additional numerical analysis is made by evaluating the 
fairness of the selfish revenue sharing mechanisms using the Owen set solution as a 
benchmark. 


7.2 Alliance Revenue Management as Common 


7.2.1 Selfish Seat Allocation Decisions 


Given the predetermined proration rates, an alliance partner is faced with the 
decision of how much capacity to reserve for a particular ODF. To determine these 
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A Cu = 1,C,, = 0 ®© Cp = 0,Cy = 1 ©) 


Fig. 7.1 A sample alliance 
network 





selfish seat allocations of the alliance partners, we propose to use the following 
model (DM;), which is to be computed by each airline i separately. 


Pp 
DM; : Maximize X air fe Yik (7.1) 
k=1 
subject to 
P IN] 
Xo ankYir < Y Cj l=1,...,m, (7.2) 
k=1 j=l 
IN] 
Yir < >> [mje E[Del| k=1,...,p, (1.3) 
j=1 
Yiz 0 k=1,...,p. (1.4) 


The formulation given above is in fact a modification of the DLP model presented 
in Sect. 2.4.2.2. The objective function (7.1) maximizes the expected revenue of the 
airline i, where the parameter œ; is defined to represent the revenue share of the 
airline i on the ODF k. Note that a; values are determined prior to the booking 
horizon. We use the notations a;, = a(i, ODF) = a(i, OD, F) to denote the 
revenue share of an airline į on a flight between an OD pair belonging to the fare 
class F. Furthermore, the revenue shares of an ODF k over all the airlines sum 
up to one, ie. gM, aix = 1 for all k. The decision variable Y;, refers to the 
number of seats allocated to the ODF k by the airline i. The constraint set (7.2) 
ensures that the capacity limitations of the flight legs are not violated. Through the 
constraint set (7.3), the seat allocations are limited to the total expected demand 
arriving to the alliance partners. It is assumed that the total expected demand of an 
ODF arriving to the alliance is known by all the airlines. Additionally, each airline 
has the information about the available capacity of the airlines on each flight leg /. 
A similar assumption is made by Agarwal et al. (2009) when modeling the selfish 
behavior of the individual carriers in a carrier alliance. 

Before the start of the booking horizon, each airline 7 in the alliance solves 
the DM; model and determines the number of seats to allocate to each ODF. 
Since the value of the ODFs are different to each airline through the different œ; 
parameters, seat allocation decisions of the airlines on the interline flights usually 
do not coincide. This phenomenon is illustrated through the following example: 

Consider an alliance composed of two airlines operating two complementary 
flight legs (see Fig. 7.1). That is, the flight leg AB is operated by the airline 1 and 
the flight leg BC is operated by the airline 2. 
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The alliance offers the intraline flights AB, BC and the interline flight AC at a fare 
of 50, 80, and 120 respectively. There is one unit of demand expected for each of 
the ODFs, and each of the airlines has one unit of capacity available on the flight leg 
it operates. Suppose that the revenue obtained from selling a ticket for the interline 
flight is shared equally between the airlines such that each of them earns 60. Since 
60 is greater than 50, the interline flight is more valuable for the airline 1, and it 
would allocate the capacity on the flight leg AB to AC. The second airline, on the 
other hand, prefers to reserve the seat for its intraline flight BC, because 80 > 60. 
Hence, the models DM, and DM) would give Yi4g = Yigc = 0,Yiac = 1 
and Y248 = Y24c = 0, Y2gc = 1. Although the airline 1 would like to accept 
a request for the flight AC, the request cannot be accepted, because there is no 
capacity allocated to AC on the flight leg BC, i.e., Y4c = 0. Therefore, only the 
ticket for the flight BC could be sold by the airline 2, and the seat on the flight leg 
AB would remain empty. However, it is not realistic to assume that this model is 
solved once at the beginning of the horizon, and the seat on AB remains empty until 
the departure of the flight. Considering our example above, the airline | should have 
the possibility to reallocate the seat capacity to its intraline flight. In the following, 
we explain our approach for the simulation of the alliance booking process, which 
allows the allocation decisions to be reoptimized throughout the booking horizon. 
To be more clear, if a seat on a flight leg of an interline flight cannot be sold, because 
there is no available seat on the other flight legs required by the flight, the seat can 
be reallocated to another flight. Hence, the operating airline has the opportunity to 
sell the seat to another customer, who arrives later in the booking horizon. 


7.2.2 Simulation of the Booking Process 


During the booking horizon, whenever there is a request for an ODF, the airlines 
should decide to accept or reject the arriving request. The seat allocations (parti- 
tioned booking limits) obtained through the DM; model presented in the previous 
section are used to make these decisions. A request can be accepted as long as 
there is a positive booking limit allocated to the corresponding ODF, and there is 
available capacity on each flight leg traveled by the ODF. Therefore, a ticket for an 
interline flight is sold only if all operating airlines agree on it. Consider the flight 
from Dsseldorf (D) to San Francisco (S) via Frankfurt am Main (F), which has been 
discussed in Sect. 3.2.2. A request for this ODF requires one seat on the flight leg 
(D)-(F) and one seat on the flight leg (F)-(S). Recall that the first part of the flight, 
(D)-(F), is operated by Lufthansa (1), whereas the second part, (F)-(S), is operated 
by United Airlines (2). Suppose that a request for this ODF, denoted by DS, arrives 
to either of these two operating airlines. The request can only be accepted, if the 
booking limits Yips and Y2ps are both positive, and there exists at least one unit of 
capacity on each of the two flight legs. Thus, both of the airlines have to agree that 
they would like to sell one seat to the flight between Diisseldorf and San Francisco 
on the flight leg they operate. However, as it has been illustrated in the previous 
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section by means of an example, the seat allocation decisions of the airlines on an 
interline flight may differ. 

In this section, we describe a simulation approach for the booking process of 
airline alliance networks. It is assumed that the airlines agree on a revenue sharing 
mechanism and determine the seat allocations through solving the DM; model prior 
to the booking horizon. Using these allocations, the booking process of the alliance 
is simulated, and the revenues of the airlines are obtained. We assume that each 
flight leg is operated by only one airline. In other words, the airlines operate non- 
overlapping flight legs. 

The term “selfish revenue” is used to refer to the revenue of an airline that is 
generated throughout the booking process, when the fare of a flight ticket is divided 
among the alliance partners according to a specified revenue sharing mechanism. 
The aim of the simulation study is to find the selfish revenues, which are then 
benchmarked to the nucleolus-based revenue allocations. 

Recall that the computation of the nucleolus is based on a deterministic model. 
Therefore, in order to obtain comparable selfish revenues, the booking process 
is simulated with deterministic demand values. For the simulation of an airline 
booking process with stochastic demand streams, we refer to the study of Kimms 
and Müller-Bungart (2007). Although the total demand arriving during the booking 
horizon is known, the arrival order of this demand through the booking horizon 
is crucial. Since the reallocation process is initiated by an arriving customer, the 
airlines’ revenues at the end of the booking horizon depend on the type of the 
arriving customer and the airline receiving the request at the time of reallocation. 
For this reason, the sequence of the customer arrivals is varied across the simulation 
runs. During the booking process, a partitioned booking limit control policy is 
applied, where the seats are allocated to each ODF separately and the demand 
for an ODF does not have access to the seats reserved for another ODF. In fact, 
airlines usually operate a nested booking control policy, which is known to result in 
higher expected revenues than the partitioned control policy (see Sect. 2.4.2). In this 
study we do not implement nesting, because the remaining demand for each ODF 
is deterministic and known at any time during the booking horizon. Furthermore, in 
their study on the alliance revenue sharing problem, Hu et al. (2010) report that the 
dominant factor affecting the performance of an alliance is the choice of the revenue 
shares. The type of the applied control policy, on the other hand, has a secondary 
effect. 

Figure 7.2 represents the booking process of an airline alliance. It starts with the 
arrival of a customer. Recall that the parameter 7 jk» Which is defined in Sect. 5.1, 
is equal to 1, if the airline j participates in the ODF k, and 0 otherwise. Here, we 
introduce additionally m jx;, which takes a value of 1, if the airline j participates in 
the ODF k by operating the flight leg /. It is assumed that a request for an ODF k 
arrives to an airline i, where m;,; = 1 for at least one flight leg / traveled by the 
ODF k. Whenever a request for an ODF k is received, the airline i checks whether 
it can accept the request. That is, the airline examines, if it has assigned a positive 
booking limit to the ODF, i.e., Y;, > 0, and if there is available capacity on the part 
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Fig. 7.2, Booking process of the alliance 


of the flight he operates. If at least one of these conditions is not satisfied, the request 
is rejected. Otherwise, it must be checked whether all the operating airlines 7 have 
allocated seats to the ODF. If at least one of the Yj, values is zero, the request is 
rejected. 

If all the booking limits turn out to be positive, the capacities of the flight legs are 
investigated. The request is accepted as long as the remaining capacities of all the 
flight legs used by the ODF k are greater than zero. Note that if the airline i operates 
all the flight legs required by the ODF, the decision is made only by the airline 7. 

Following the acceptance, the number of seats allocated to the ODF by the 
operating airlines and the capacities of the used flight legs are decreased by one. 
Let R; denote the selfish revenue of the airline j at any time during the simulation. 
At the beginning of the booking process R ; is initialized to zero for all the airlines j. 
If a request for the ODF k is accepted, the value of R; is increased by an amount of 


Q jk X Ji: 
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The re-optimization occurs in the case where the airline į to which the request 
arrives has still positive booking limits and available capacity for the ODF, but the 
request cannot be accepted, because either at least one of the airlines participating 
in the flight has a Y;, value of zero or there are no seats available on the necessary 
flight legs. The request cannot be accepted, but it is also not logical for the airline i to 
reserve seats for the ODF k. Therefore, the reallocation process will be started. The 
airline i receiving the request re-optimizes the seat allocation decisions by solving 
the model DM; with the additional constraint Y;, = 0 and with updated demand 
as well as capacity information. Recall that the remaining capacities of the flight 
legs are updated whenever a ticket is sold and this information is available to all the 
airlines. Moreover, since the demand is assumed to be deterministic, the demand 
update is directly performed by subtracting the number of accepted customers for 
each ODF from the initial demand estimates. As a result of this re-optimization 
process, the Y;; values for the considered ODF will be zero, and the corresponding 
seats are reallocated to another flight operated by the airline i. The selfish revenues 
are benchmarked to the nucleolus-based revenue allocations in Sect. 7.5. 


7.3 Selfish Revenue Sharing Mechanisms 


7.3.1 Traveled Distance Heuristic 


According to Boyd (1998), one way to distribute the alliance revenue is to use rev- 
enue shares based on the distance traveled on the flight legs operated by the airlines. 
However, as mentioned in the previous parts, it may provide unfair allocation of 
the revenue among the alliance partners. Such distance based mechanisms are also 
used in allocating the cost of cooperative transportation systems (see e.g., Claus and 
Kleitman 1973; Anderson and Claus 1976). Recall that 7, represents the set of the 
flight legs used by the ODF k and L; is the length of the flight leg 7. The revenue 
share of the airline i on the flight k, a;,, is found with the formula given below: 


D Mikl x Li 
lETk 
ik = Sy 3 
È} Li 
leEThk 


i=1,...,|N|, k=1,....p. (7.5) 


That is, an airline earns a portion of the revenue proportional to the ratio of the total 
traveled distance on the flight legs it operates to the total length of the flight. 

Consider a part of an alliance network like shown in Fig. 7.3. Suppose that the 
flight legs AB and BC are operated by the airlines i = 1 andi = 2 respectively. 
The distance between A and B is 500 miles, and it is 1,000 miles between B and C. 
The alliance offers flights between the OD pairs AB, BC, and AC. 
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Fig. 7.3. A part of an alliance 500 miles 1000 miles 
network 


Table 7.1 Computation of k 
revenue shares with traveled 


distance heuristic Qik AB BC AC 


i=l 1 0 500/1,500 
i=2 0 1 1,000/1,500 


Using (7.5), the revenue shares of the airlines on each flight are computed as in 
Table 7.1. 


7.3.2 Local Value Heuristic 


The use of the local value heuristic as a possible transfer price mechanism for airline 
alliances is firstly discussed by Wynne (1995). The idea behind the mechanism is 
to allocate the revenue of an interline flight relative to the value of the used flight 
legs. However, those values change depending on the type of the fare class. Thus, 
in this heuristic, we need to differentiate the ODFs according to their classes. The 
value of the flight leg / for the fare class F is denoted by f(/, F), which is the fare 
of the flight between the OD pair defined by the flight leg and having the class F. 
Accordingly, the revenue shares of the airlines on an ODF k are computed through 
the following equation: 


D fign x f(L F) 


lETk 


LALE) ° 


lETk 


aj, = a(i, OD, F) = (7.6) 


Similar to the traveled distance heuristic, the revenue share of an airline is equal 
to the ratio of the sum of the values of the flight legs operated by the airline to 
the sum of the values of all the flight legs included in the flight. The following 
example explains the use of the formula given above. Consider the alliance network 
illustrated in Fig. 7.4. It consists of three flight legs operated by two airlines. The 
flight leg AB is operated by the airline 1 and the flight legs BC and CD are operated 
by the airline 2. 

Suppose that the alliance offers flights between six OD pairs which are created 
through the combination of these three flight legs and there exist two classes per OD 
pair. The fares of the OD pairs with respect to the fare classes are given in Table 7.2. 
Accordingly, the value of the flight leg AB for the fare class two, f(AB, 2), is 
equal to 50. Similarly, f(CD, 1) = 100. After substituting the fares of the intraline 
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d24g= 0 dBc = 1 hcp =! 
Fig. 7.4 A small alliance network with three airlines 


Table 7.2 Fares of OD pairs 








for different fare classes a 
f(OD,F) AB BC CD AC BD AD 
F=2 50 100 60 130 140 200 
F=1 90 160 100 220 240 320 
Table 7.3 Computation of PM 
revenue shares with local 
value heuristic k OD F i= i=2 
1 AB 2 1 0 
2 1 1 0 
3 BC 2 0 1 
4 1 0 1 
5 CD 2 0 1 
6 1 0 1 
7 AC 2 50/150 100/150 
8 1 90/250 160/250 
9 BD 2 0 1 
10 1 0 1 
11 AD 2 50/210 160/210 
12 1 90/350 260/350 





flights for f(/, F) in the Eq. (7.6), we obtain the revenue shares, which are shown 
in Table 7.3 for the two airlines. 

This revenue sharing rule has also been investigated by Hu et al. (2010) where a 
different approach is used to differentiate the flights between an OD pair belonging 
to different fare classes. According to Wynne (1995), distributing the fare of an 
alliance product to the alliance partners proportional to the value of the intraline 
fares is a common method used in code-sharing agreements. 


7.3.3 Leg-Based Demand Heuristic 


This revenue sharing mechanism allocates the revenue of a flight proportional to the 
expected demand on the operated flight legs. It is similar to the transfer pricing rule 
proposed by Netessine and Shumsky (2005). We define the parameter L D; to show 
the total expected number of passengers traveling through the flight leg /. Recall 
that aj, shows whether the flight leg / is used by the ODF k or not. Then LD; is 
computed by summing up the expected demand of the ODFs using the flight leg /. 
Hence, LD; = X aix X E[D,]. After the expected number of passengers on 
each flight leg are determined, the revenue shares are obtained with the following 
formula: 


120 7 Selfish Revenue Sharing Mechanisms for Airline Alliances 





Table 7.4 Expected demand k AB BC CD AC BD AD 
of the flights — 
E[D,] 20 30 40 20 30 20 


Table 7.5 Leg-based I1 dB BC CD 


demand values — E 
LD, 60 100 90 


Table 7.6 Computation of k 
revenue shares with leg-based 


demand heuristic Qik AB BC CD AC BD AD 


i=1 1 0 0 60/160 0 60/250 
i=2 0 1 1 100/160 1 190/250 





D Miki X LDI 
lETk y 
Qik = — n, i=1,...,|N 
k FID; | 
lETk 





, k=l,...,p. T) 


To illustrate, consider again the alliance given in Fig. 7.4. The total expected 
demand values for the ODFs are given in Table 7.4. As a result there are in total 
60 passengers expected to fly on the flight leg AB, 100 passengers on BC and 90 
passengers on CD. Table 7.5 gives the leg-based demand values, LD), for each 
flight leg. Using (7.7), the revenue shares of the alliance partners are found and 
represented in Table 7.6. 


7.4 Fairness Evaluation 


In this section, we propose a method for evaluating the fairness of the selfish revenue 
sharing mechanisms introduced above. Our approach utilizes the nucleolus-based 
revenue allocations introduced in Chap. 6. 

We define v; as the revenue that the airline i would earn without participating 
in the alliance and z; as the nucleolus-based revenue allocation of the airline i. 
In order to measure the difference between the selfish revenues resulting from the 
heuristics, which are denoted by R;, and the nucleolus-based allocations, we define 
the measure d,(R) which is given below: 


d\(R) = (7.8) 





Note that airlines have different amounts of extra gain in an alliance depending on 
the number of partners and the parameters of the network. Therefore, using only the 
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measure (7.8) does not provide reliable results, when the fairness values of different 
instances are compared. Hence, another measure d) is introduced, where 


(7.9) 





Intuitive speaking, d measures the extra revenue potential that the airlines could 
realize through the cooperation. In order to have a reliable evaluation of fairness, 
the distance dı (R) will be normalized through dividing it by d2. In the formulation 
of d,(R) and d we use the euclidean norm, which is a commonly used metric in 
Data Envelopment Analysis (DEA) to determine the efficiency of entities such as 
business firms, governmental agencies, etc. (see Cooper et al. 2007). In their book, 
Cooper et al. (2007) suggest to use the euclidean norm to measure the distance 
to the point on the efficient frontier without excluding the use of other norms. 
Also in our application, other metrics can be chosen for d,;(R) and dz, but we 
prefer to use the euclidean norm since it is well known and used widely in many 
areas. For example, to measure the fairness of different protocols within the context 
of bandwidth allocation problems, Tan et al. (2007) suggest to use the euclidean 
distance between the max-min fair allocation and the allocation implied by the 
considered protocol. 

Since the nucleolus provides an allocation where the airlines are better off in the 
alliance than operating alone, it is certain that z; > v; for all the airlines i. Thus, 
the following constellations are possible between the revenues z;,v; and R; of an 
airline 7: 


© 7m > Ri > vi 
GD) m > v; > Ri 
Gi) Ri > m > vi 


Combining (7.8) and (7.9), the measure FM(R) for evaluating the fairness of a 
heuristics resulting in a selfish alliance revenue of R is defined as follows: 


max(0,1—d,(R)/d2), for dz > 0, (7.10) 
FM(R) = 2 0, ford) = 0,d\(R) >0, (7.11) 
1, for də = 0, di (R) = 0. (7.12) 


Since it is possible that dı (R) > dh, the fairness measure is formulated as in (7.10) 
to guarantee a fairness value in the interval [0,1]. FM(R) measures how far the 
allocation is from the fair nucleolus allocation. All the airlines are treated equally 
and a selfish revenue R; greater than the nucleolus allocation 7r; is considered as fair 
as when R; is less than z;. Note that the ratio dı (R)/dz is undefined if 7; = v; for 
all the airlines. In such a case, the airlines do not generate any additional revenue 
in the alliance. As a result, a positive d;(R) value indicates that the selfish revenue 
of at least one airline is less than the revenue that the airline can realize alone. In 
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Table 7.7 Fares of the flights k 
for the example on fairness 


AB AC AD BC BD CD 
fk 80 150 220 70 160 80 


other words, the total revenue of the airlines does not increase, and at the same 
time there exist airlines, which receive less than they could earn without the other 
alliance partners. Therefore, if dọ = 0, any revenue sharing mechanism leading to 
a positive d|(R) value is regarded as unfair. Thus, the corresponding FM(R) value 
is assigned to zero as shown in (7.11). In case (7.12), which refers to the situation 
where m; = v; = R; for all the airlines i, the allocations are regarded as fair with 
an FM(R) value of one. 

The intuition behind FM(R) can be explored in the following way: Consider, for 
example, an alliance having three members. Suppose that the centralized maximum 
expected revenue of the alliance is 1,000, and according to the nucleolus-based 
revenue allocation mı = 500, m2 = 300, and 73 = 200. Furthermore, assume that 
the airlines earn without being in the alliance revenues of v; = 300, v2 = 150, and 
v3 = 50. If the alliance applies a revenue sharing mechanism, the selfish revenues 
of the airlines at the end of the booking horizon are found as R! = 500, R} = 300, 
and R? = 50. Another mechanism, on the other hand, implies that R? = 450, 
R? = 250, and R? = 150. Using (7.10), the FM(R!) and FM(R?) are computed 
as 0.74 and 0.91 respectively. Thus, the alliance earns the same revenue in both of 
the mechanisms, but the distribution of the revenue among the airlines is different. 
One reason for this is that in R! the additional revenue, which is generated through 
operating as an alliance, is distributed only among the first and second airlines. The 
third airline does not receive an extra revenue beyond 13. In R?, the third airline has 
also some additional revenue, which brings the allocation closer to the nucleolus. 

The following example shows that the nucleolus-based revenue allocations are 
not likely to attain in a selfish setting, even if the selfish revenue of the alliance is 
equal to the centralized revenue. Consider an alliance composed of three airlines 
operating on a network like the one represented in Fig. 6.1 with the exception that 
there exists only one fare class for each OD pair. The airlines | and 3 have a capacity 
of four units on the flight legs AB and CD respectively. Airline 2 has two units of 
capacity on the leg BC. Assume the fare values given in Table 7.7 for six products. 
Moreover, each airline faces a deterministic demand of one unit for each product. 

Accordingly, the centralized optimal solution for the alliance is Y4g = Yep = 3, 
Yan = Yec = 1, Yac = Yap = O. Thus, total alliance revenue is 770. The 
nucleolus of this example is the allocation vector 7 = (203.33, 343.33, 223.33). 
Suppose that a selfish revenue sharing mechanism is applied, where the seat 
allocation decisions of the individual airlines coincide with the centralized optimal 
solution. Then, the first and third airlines each gets a revenue of 240 at least from 
their intraline flights. As a result, a revenue of 343.33 would not be possible for 
the second airline. The reason for this is that in a selfish setting the contribution of 
the airline 2 with his one unit demand to the revenue of the airline 3 is ignored. 
The airline 1 leads to an increase in the number of tickets sold for CD through 
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its unit demand. However, it does not earn a revenue from the flight CD in selfish 
setting, since the revenue of the intraline flights are not shared. Hence, it is usually 
not possible to attain the fairness of the nucleolus-based revenue allocations, if the 
revenues of the products are shared only among the operating airlines. 


7.5 Computational Study 


7.5.1 Generation of the Instances 


A numerical study is conducted to evaluate the performance of the selfish revenue 
sharing mechanisms introduced in the previous section. Sample airline alliance 
networks are generated by varying the parameter |N | such that 


|N| € {3,4,5, 10, 153, (7.13) 


and the booking process is simulated using the revenue shares resulting from the 
heuristics. We use the same network structure as in Fig. 6.2 on p. 99. That is, for an 
alliance having |N | airlines we again consider 5 | N | flight legs and 18 |N | OD pairs. 
The ratios of the single-leg, two-leg and three-leg flights are also kept as they are in 
Sect. 6.5. Different than the computational study given in Sect. 6.5, we assume two 
fare classes for each OD pair. Hence, there are p = 2x 18 x |N| ODF combinations 
in total. 

For small alliances composed of three, four and five airlines, we generate two 
different network configurations. In the first network configuration (NC1), nearly 
40 % of the flights are intraline flights operated by a single airline, 50 % of them are 
interline flights operated by two airlines and the remaining 10 % are flights operated 
by three airlines. In the second network configuration (NC2), the ratio of the flights 
operated by three airlines is increased to 20-25 %. For larger networks, however, we 
do not further compare the case where there is a small number of flights operated 
by three airlines. 

For each generated network we create 20 instances, where the fares of the flights 
are different. The demand of the flights are kept the same across the instances and 
the ratio of the total demand to the total available seat capacity is kept to be 1.5 
for all the flight legs. For each of these 20 instances, we implement the traveled 
distance heuristic, local value heuristic, leg-based demand heuristic and find the 
revenue shares of the airlines. Note that there is no information about how much 
better the revenues obtained with these revenue sharing mechanisms are than the 
ones which would be obtained without using any of these heuristics. Therefore, in 
this study, the performance of the heuristics are also compared to a random revenue 
sharing approach. 

In the random approach, a random number from a discrete Uniform Distribution 
with parameters [1,20] is selected for each operating airline. The revenue share of an 
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airline is found by taking the ratio of this number to the sum of the random numbers 
selected for the airlines operating the flight. Suppose that we want to allocate the 
revenue of a flight, where the random numbers 3, 6, 15 are selected for the operating 
airlines 1, 2, and 3 respectively. In such a case, the random approach would assign a 
revenue share of 3/24 to the airline 1, 6/24 to the airline 2 and 15/24 to the airline 3. 

In the implementation of the traveled distance heuristic, first a length is assigned 
to each flight leg existing in the network. Similar to the study presented in Sect. 6.6 
the length of a flight leg is randomly selected from the set of values given in 
Table A.3 in the Appendix A.1. For each of the 20 instances, we have created 20 
different revenue sharing schemes by randomizing the lengths of the flight legs. That 
is, for each instance, we select 20 different length combinations for the flight legs 
from the predefined set. A similar procedure is applied in the implementation of the 
random approach. In the local value heuristic, however, the revenue shares depend 
on the price of the single-leg flights. Therefore, there exists only one revenue sharing 
scheme for each instance. The same is also valid for the leg-based demand heuristic. 

After the revenue shares are generated, the alliance booking process is simulated 
as described in Sect.7.2.2. Each of the generated instance and revenue sharing 
scheme is simulated with 20 different sequences of customer arrivals. Hence, we 
have a total of 8,000 simulation runs in the traveled distance heuristic and in the 
random approach and 400 runs in the other two approaches. The simulations are 
conducted for three different scenarios, which are created by changing the structure 
of the fares of the flights. 


7.5.2 Fairness Evaluation Based on the Nucleolus 


7.5.2.1 First Scenario 


In the first scenario, the variation between the fares of the flights is kept small. In 
other words, the fares of the flights of the same type are selected close to each other. 
Specifically, a set of four possible fare values is defined for each flight type and 
fare class combination. The fares of the flights are chosen randomly from these sets. 
Table 7.8 shows the possible fare values and the demand parameters used in the first 
scenario. 

Table 7.9 presents the results of the first scenario for considered alliance 
networks. In general, the fairness of the selfish revenue sharing mechanisms is 
inferior when there are more flights, where the accept/reject decisions depend on 
three airlines. Among the analyzed mechanisms, local value heuristic provides the 
best results for both of the network configurations. It can be argued that in terms of 
fairness, local value > leg-based demand > traveled distance > random approach. 

Figure 7.5 compares the fairness of the heuristics for | V| = 3 with respect to the 
20 instances. The fairness value of each instance is equal to the average of the values 
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Table 7.8 Demand and fare parameters for the first scenario 





Type of the flight 


Single-leg 
Two-leg 


Three-leg 


Fare class 

2, 70 
1 120 
2 130 
1 180 
2 180 
1 250 


75 
125 
140 
190 
190 
280 


Possible fare values 


80 
130 
150 
220 
200 
300 


85 
140 
160 
240 
230 
320 


Demand 


50 
30 
40 
20 
40 
20 


Table 7.9 Average fairness values based on the nucleolus for the first scenario 


Fairness values 


Problem size Random 

IN] p NC1 NC2 
3 108 0.76 0.72 
4 144 0.76 0.67 
5 180 0.78 0.76 
10 360 - 0.76 
15 540 - 0.73 


Tra. Dist. 

NCI NC2 
0.86 0.83 
0.84 0.74 
0.80 0.77 
- 0.76 
- 0.75 


Leg-Bas. Dem. 
NC2 
0.90 
0.75 
0.85 
0.84 
0.81 


NCI 
0.90 
0.87 


0.88 
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0.93 
0.88 


0.91 
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Fig. 7.5 Average fairness values of the instances for the first scenario (|N| = 3, p = 162) 


obtained with different customer sequences. Note that in these comparisons the net- 
work structure NC 2 is chosen. The results for the cases where |V| = 10 and 15 are 
given in Figs. A.1 and A.2 in the Appendix A.2, respectively. We can claim that local 
value heuristic provides superior results than the others in almost all the instances. 
Moreover, the difference between the local value heuristic and other approaches 
becomes more clear when the network sizes are big (i.e., || = 10 and 15). 


126 7 Selfish Revenue Sharing Mechanisms for Airline Alliances 


Table 7.10 Average percentage gaps in the alliance revenue for the 
first scenario (NC2) 


Problem size Gap (%) 





IN] p Random Tra. Dist. Leg-Bas. Dem. Loc. Val 
3 108 15.40 8.62 4.95 3.24 
4 144 17.82 9.90 8.90 3.91 
5 180 15.33 12.82 6.77 4.82 
10 360 14.55 12.92 8.96 5.72 
15 540 16.51 13.79 10.32 5.06 





The heuristics are also compared in terms of the deviation of the total alliance 
revenue from the centralized solution. For a specific alliance network configuration, 
Let CR and SR denote, respectively, the centralized and selfish revenue of the 
alliance averaged over the generated instances. The centralized revenue refers to 
the maximum expected revenue of the alliance, when the seat allocation decisions 
are made by a central decision maker, and it is equal to the sum of the nucleolus- 
based revenue allocations of the airline. In the comparison, we use the percentage 
gap between the selfish revenue and the centralized revenue of the alliance, which 
is determined through the following formula: 


CR — SR 
a x 


Gij = 
He CR 


100 (7.14) 

Table 7.10 presents the percentage gaps found in the network configurations of 
type NC2 generated for each |N| and p combination. Through the implementation 
of the local value heuristic, the alliances lose 4-6 % of the centralized revenue. 
The gap increases significantly in traveled distance and leg-based demand heuristics 
especially for the networks having |N| > 5. If the fares are shared just randomly 
among the airlines, about 15—17 % of the revenue would be lost. 

An interesting result observed in the numerical studies is that the level of fairness 
depends highly on the instance data. For example, the fairness values for the 
instances with |N| = 5 and p = 180 are better than the ones with |V| = 4 and 
p = 144. If the Tables 7.9 and 7.10 are examined, it can be seen that the percentage 
gaps in the alliance revenue are in general better in the instances with |V| = 4 
than in the ones with |N| = 5. The fairness values, on the other hand, are worse. 
This observation shows that the distribution of the alliance revenue on the airlines 
is worse in the instances with || = 4 than in the instances with |N| = 5. 


7.5.2.2 Second Scenario 
In the second scenario, the variation between the fares of the flights is increased. To 


be more specific, the standard deviation of the fares in an instance is approximately 
60-70 in the first scenario, whereas it is at a level of 200-300 in the second. The 
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Table 7.11 Average fairness values based on the nucleolus for the second scenario 





Fairness values 





Problem size Random Tra. Dist. Leg-Bas. Dem. Loc. Val. 

IN| p NC1 NC2 NCI NC2 NCI NC2 NCI NC2 
3 108 0.78 0.77 0.80 0.74 0.83 0.84 0.89 0.84 
4 144 0.80 0.70 0.76 = 0.67 0.83 0.71 0.88 0.77 
5 180 0.80 0.78 0.77 0.75 0.86 0.83 0.89 0.86 
10 360 - 0.78 - 0.75 - 0.82 - 0.86 
15 540 - 0.75 - 0.72 - 0.80 = 0.88 
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Fig. 7.6 Average fairness values of the instances for the second scenario (|N| = 5, p = 180) 


fairness values of the heuristics with respect to different |N | and p combinations are 
presented in Table 7.11. Similar to the first scenario, the fairness values are higher in 
NC1 than in NC2. A comparison of Tables 7.9 and 7.11 reveals that the heuristics 
perform worse, if the variation in the fares is higher. 

The fairness values of the heuristics with respect to the 20 instances are shown in 
Fig. 7.6 for the setting with |N | = 5 and p = 180. Although the performance of the 
local value heuristic varies much across the instances, on the average, it performs 
better than the other heuristics. 

Furthermore, as it can be seen in Figs. A.3 and A.4 in the Appendix A.2, the 
variation is not remarkable in bigger networks. An interesting point is that the 
traveled distance heuristic does not perform better than a random approach anymore. 
One explanation for this finding is the conflict between the value and the length of 
a flight leg. In the second scenario, the value of a flight leg with a shorter distance 
may be much more than a flight leg with a longer distance. However, the traveled 
distance heuristic always assigns a bigger revenue share to the airline operating the 
longer flight leg. In the random approach, on the other hand, it is possible that the 
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Table 7.12 Average percentage gaps in the alliance revenue for the 
second scenario (NC2) 


Problem size Gap (%) 





IN] p Random Tra. Dist. Leg-Bas. Dem. Loc. Val 
3 108 13.44 12.79 8.90 4.57 
4 144 14.02 14.35 11.48 5.91 
5 180 13.07 13.41 9.31 4.98 
10 360 12.22 12.71 9.96 7.47 
15 540 14.03 14.15 11.00 5.29 


airline operating the shorter flight leg with a higher value earns more so that interline 
flight is not undervalued against the local flight. 

As presented in Table 7.12, the percentage gaps found with the heuristics are 
higher than the ones in the first scenario except for the random approach. Using the 
local value heuristic causes, on the average, a loss of about 6 % in alliance revenue, 
which can increase to 14 % when a traveled distance heuristic is applied. 


7.5.2.3 Third Scenario 


The third scenario is generated to see whether the preference order of the heuristics 
changes when there is a relation between the traveled distance and the fares of the 
products. Swan and Adler (2006) propose a cost function for the flights that takes 
the distance between the OD pair and the seat capacity of the aircraft as input. The 
function is adapted in this study by modeling the fares of the products. 

Let the parameter Ê; denote the maximum capacity that is available for the ODF 
k. Note that a seat can be allocated to an ODF, only if there is available capacity 
on all the flight legs required for the A Hence, the value of B;, is determined 


in the following way: Ê, = Miner, g~ Cii. We define the parameter E; as the 
distance between an OD pair, i.e., Ey = >> leT; Lı, where L; refers to the length of 
the flight leg /. Then the fare of the ODF k is determined as: 


(E; + 722) x (By + 104) x 0.019, if Ex < 5,000, 


Ie (Ex + 2,200) x (Be + 211) x 0.0115, if sE; > 5,000. 

The results for the third scenario are shown in Table 7.13. It turns out that the 
traveled distance heuristic performs better than in the previous scenarios especially 
for the instances with 10 and 15 airlines. The fairness of the heuristic is at a level 
of 81-83 %, whereas it was 75-76 % in the first scenario. However, the results of 
the local value heuristic are still superior. We can argue that, when the fares are 
dependent on the distance traveled, local value > traveled distance > leg-based 
demand > random approach. 
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Table 7.13 Average fairness values based on the nucleolus for the 
third scenario (NC2) 


Problem size Fairness values 





IN] p Random Tra.Dist. Leg-Bas.Dem. Loc.Val. 
3 108 0.75 0.84 0.83 0.87 
4 144 0.69 0.75 0.70 0.78 
5 180 0.78 0.83 0.81 0.86 
10 360 0.76 0.81 0.80 0.87 
15 540 0.73 0.83 0.79 0.90 


7.5.3 Fairness Evaluation Based on the Owen Set 


In Sect.5.4, we have introduced the Owen set of the airline alliance revenue 
management game, which provides allocations based on the dual solutions of the 
model v(N ). Recall that every allocation in the Owen set constitutes a core element. 
Hence, it can be used as an alternative method to obtain stable revenue shares for our 
problem. However, we cannot know in advance, which one among the various core 
allocations will be suggested by the dual solution. Thus, the first research question to 
be raised is whether the allocation obtained through the dual solution and nucleolus 
are the same in our problem. Furthermore, in case they are different, it would be 
interesting to explore whether the same conclusions can be drawn about the fairness 
of the revenue sharing mechanisms, when the allocation based on the Owen set is 
used as a benchmark and not the nucleolus. 

In attempt to address these aforementioned questions, we solve the dual problem 
v(N) (see Sect. 5.4) for the instances used in the previous section and evaluate the 
fairness of the revenue sharing mechanisms by benchmarking the resulting revenues 
to the allocation based on the dual solution. The difference of this analysis is that the 
parameter 7; used in the Eqs. (7.8) and (7.9) for measuring the distances d,(R) and 
dh refers to the revenue allocation of the airline i implied by the dual solution instead 
of the nucleolus. The parameters R; and v; remain as they are, since they will not 
be influenced by the revenue sharing policy. Note that in an instance of the problem, 
there usually exists more than one optimal solution for v(N). We use the solution 
which is found by the optimization solver. Like in Sect. 6.5, this numerical study is 
also implemented in C++ using the Concert Technology API of CPLEX 10.0. 

The first striking result observed in the numerical experiments is that the 
allocation based on the dual solution coincides in none of the instances with the 
nucleolus. Therefore, the fairness values of the selfish revenue sharing mechanisms 
are calculated by using the solutions based on the Owen set as benchmark. The 
results are represented in Tables 7.14, 7.15, and 7.16 for the first, second and third 
scenario, respectively. 

Considering the first scenario, among the examined revenue sharing mechanisms, 
the local value heuristic gives the best performance. Moreover, the preference 
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Table 7.14 Average fairness values based on the Owen set for the first scenario 





Fairness values 





Problem size Random Tra.Dist. Leg-Bas. Dem. Loc. Val. 

IN] p NCI NC2 NCI NC2 NCI NC NCI NC2 
3 108 0.76 0.73 0.86 0.83 0.91 0.91 0.95 0.94 
4 144 0.77 0.73 0.87 0.85 0.90 0.87 0.94 0.93 
5 180 0.79 0.78 0.81 0.79 0.90 0.90 0.94 0.93 
10 360 - 0.79 - 0.79 - 0.87 - 0.90 
15 540 - 0.76 - 0.77 - 0.84 - 0.92 





Table 7.15 Average fairness values based on the Owen set for the second scenario 


Fairness values 











Problem size Random Tra. Dist. Leg-Bas. Dem. Loc. Val. 

IN| p NC1 NC2 NCI NC2 NCI NC2 NCI NC2 
3 108 0.80 0.76 0.81 0.73 0.84 0.81 0.94 0.84 
4 144 0.80 0.77 0.77 0.75 0.85 0.82 0.92 0.91 
5 180 0.80 0.80 0.77 0.75 0.87 0.85 0.91 0.92 
10 360 - 0.80 = 0.77 = 0.85 = 0.89 
15 540 - 0.75 - 0.74 - 0.82 - 0.92 


relation between the revenue sharing mechanisms turns out to be the same as the 
one obtained when the nucleolus is used as benchmark. It is clear from Table 7.14 
that local value > leg-based demand > traveled distance > random approach. 

Similar to the first scenario, the local value heuristic performs better than the 
others in the second scenario, which again supports the results presented in the 
previous section. The observation that the traveled distance heuristic does not 
perform better than the random approach when the variation between the fares is 
higher, is also apparent in Table 7.15. The fairness values of the heuristics are in 
general lower compared to the first scenario. One interesting observation is that 
the fairness values of the instances with |N| = 4 are much better than the ones 
found with nucleolus (see Table 7.11). This result shows that the allocations based 
on the Owen set and nucleolus are quite different for those instances. However, the 
preference order of the heuristics does not change. 

Examining Table 7.16, it can be said that the traveled distance heuristic gives 
superior results than the leg-based demand heuristic. However, the local value 
heuristics provides again the fairest revenue shares. Thus, when the fares depend 
on the length of the flight, the preference order of the revenue sharing mechanisms 
would be such that local value > traveled distance > leg-based demand > random 
approach. 

To sum up, we can claim that fairness evaluations based on the dual solutions 
and nucleolus have both revealed consistent results. Accordingly, allocating the 
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Table 7.16 Average fairness values based on the Owen set for the third 





scenario 
Fairness values 

Problem size Random Tra. Dist. Leg-Bas. Dem. Loc. Val 
3 1088 076 O87 o 092 — 
4 144 0.76 0.87 0.82 0.92 

5 180 0.79 0.87 0.85 0.92 

10 360 0.76 0.85 0.83 0.91 

15 540 0.78 0.85 0.80 0.92 





revenue of a flight ticket proportional to the value of the local flights provides the 
fairest allocations in all the three scenarios. It is followed by the leg-based demand 
heuristic. If the fares of the flights depend on their lengths, a revenue sharing rule 
based on the traveled distance provides better results than the leg-based demand 
approach. Another feature observed in both of the fairness evaluations is that the 
performance of the heuristics decreases with increasing variation in the fares of the 
flights. 

It can be argued that using Owen set is advantageous over using the nucleolus 
due to the ease of computation. One has to solve only the dual of the linear 
programming model computing the characteristic function value of the grand 
coalition N. However, Owen set has a limited range of application. It can only be 
used for payoff/cost allocation problems, where the characteristic function values 
are found through a linear programming model. Nucleolus, on the other hand, is a 
more general solution concept that is appropriate also for integer or mixed integer 
programming problems. Moreover, Owen set usually contains many alternative 
payoff allocations and we cannot know beforehand the properties of the resulting 
solution. Nucleolus, on the other hand, in addition to satisfying stability, provides a 
fair allocation by minimizing the maximum unhappiness of the coalitions iteratively. 

With an attempt to obtain more fair allocations, we develop a new revenue shar- 
ing mechanism which combines the local value heuristic with a dual price transfer 
process. The next chapter is devoted to this new revenue sharing mechanism. 
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Chapter 8 
A Revenue Sharing Mechanism Based 
on the Transfer of Dual Prices 


In the previous chapter we have provided a framework for evaluating the fairness 
of the revenue sharing mechanisms applied in an alliance revenue management 
system, where the partners make their decisions independently. Through the use 
of this framework, three selfish revenue sharing mechanisms, which have already 
been existing in the literature, have been compared. Among them, the local value 
heuristic, where the fare of a flight is distributed to the airlines proportional to the 
local value of the used flight legs, has lead to the fairest revenue allocations. In this 
chapter, we develop a revenue sharing mechanism, which combines the local value 
heuristic with a dual price transfer process. The numerical study shows that the 
new mechanism gives superior results. This chapter is based on Cetiner and Kimms 
(2013). 


8.1 The Mechanism on Flights Operated by Two Airlines 


8.1.1 An Illustration by Means of an Example 


Suppose that at the beginning of the booking horizon, each airline i solves the 
DM; model by using the revenue shares suggested by the local value heuristic 
and determines the seat allocations for the ODFs. The proposed mechanism aims 
to improve these initial revenue shares by using the information about the dual 
prices of the demand and capacity constraints given in (7.2) and (7.3) in the optimal 
solutions of the DM; models. Its principle lies on modifying the local value-based 
revenue allocations to reduce the discrepancy between the decisions of the airlines 
on interline flights. Fundamentally, the mechanism combines local value heuristic 
with a dual price transfer process. In this section, we illustrate the mechanism on 
interline flights that are operated by two airlines through a numerical example. Note 
that the alliance in the example offers also flights operated by three airlines, but 
the flights for which a dual price transfer is performed are restricted to the ones 
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= Airline 1  ===-==--- > Airline 2 11... > Airline 3 


Fig. 8.1 Network of the alliance 





Table 8.1 Fares of the flights k AB AC AD BC BD cD 
(The case with two airlines) A 70 160 220 100 150 90 





Table 8.2 Revenue shares based on the local value heuristic 





k 
Qik AB AC AD BC BD CD 
i=l 1 0.41 0.27 0 0 0 
i=2 0 0.59 0.38 1 0.53 0 
i=3 0 0 0.35 0 0.47 1 





Table 8.3 Fare allocations based on the local value heuristic 





k 
Qik X fk AB AC AD BC BD CD 
i=l 70 65.6 59.4 0 0 0 
i=2 0 94.4 83.6 100 79.5 0 
i=3 0 0 77 0 70.5 90 


operated by two airlines. The course of the process for flights involving three airlines 
is investigated in the next section. 

Consider an alliance composed of three airlines, which together build the flight 
network presented in Fig. 8.1. The network consists of the flight legs AB, BC and 
CD that are operated by the airlines 1, 2, and 3 respectively. By combining these 
flight legs, the alliance offers flights between the following six OD pairs: AB, AC, 
AD, BC, BD, CD. To keep the example simple, we assume that there exists only 
one fare class for each OD pair. As a result, we have six ODFs, which are operated 
by either one, two or three airlines. The corresponding fares are given in Table 8.1. 

Firstly, we apply the local value heuristic and find the revenue shares for each 
airline į on each ODF k. We calculate the a;; values by using the formula given 
in (7.6) and present them in Table 8.2. Thus, each airline į receives an amount of 
Qik X fk from selling a ticket for an ODF k, which are provided in Table 8.3. Note 
that we refer to aj, x f as the fare allocation of the airline i on the ODF k. These 
parameters are going to be used by the airlines in the objective function of the DM; 
model (see Sect. 7.2.1). During the course of the mechanism, the local value-based 
fare allocations are going to be modified with an attempt to reduce the difference 
between the seat allocation decisions of the airlines regarding the interline flights. 
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Table 8.4 Initial capacities l 

of the airlines on the flight Ci TR BC CD 

legs 
i=l 30 0 0 
i=2 0 50 0 
i=3 0 0 30 

Table 8.5 Expected demand k 

values ————— 
lLuikE[D;]] AB AC AD BC BD CD 
i=1 20 10 3 5 0 5 
i=2 5 10 3 20 10 5 
i=3 5 0 3 5 10 20 


Another parameter required for solving the DM; model is C;;, which represents 
the available capacity of the airline i on the flight leg /. Table 8.4 demonstrates the 
initial values of C;;. Furthermore, Table 8.5 shows the expected values of demand 
for each ODF k arriving to each airline i. 

After determining the fare allocations, each airline i solves the DM; model (see 
Sect. 7.2.1) using the parameters given in Tables 8.3-8.5. Accordingly, the seat 
allocation model for the airline 1, denoted by DM,, is formulated as follows: 


DM, : Max 70Y14B8 + 65.6Y14c + 59.4Yi 4p + OYisc + OYipp + OYicp 


subject to 

Yiap + Yiac + Yiap < 30 (8.1) 
Yiac + Yiap + Yisc + Yig < 50 (8.2) 
Yiap + Yigp + Yicp < 30 (8.3) 
YiaB < 30 (8.4) 
Yiac < 20 (8.5) 
Yiap <9 (8.6) 
Yisc < 30 (8.7) 
Yipgp < 20 (8.8) 
Yicp < 30 (8.9) 


Yias, Yiac. Yiap. Yisc, Vigo; Yicp = 9 


Before the start of the booking horizon, the airline 1 solves the DM, model and 
determines the values of Yı, which show the number of seats allocated to the ODF 
k by this airline. Let 41, denote the dual price of the constraint related to the ODF k 
among the demand constraints given through (8.4)—(8.9) at the optimal solution of 
DM,. As it will be explained in the following parts of this section, the mechanism 
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Table 8.6 Optimal Yı, and k AB AC AD BC BD CD 


Aix values Yr 30 0 0 0 0 0 
iy 0 0 o o o ol 


makes use of these dual prices to improve the fairness of the revenue allocations 
resulted from the local value heuristic. 

Consider an interline ODF k operated by two airlines. Furthermore, suppose that 
the À; value of an operating airline 7 is positive for the ODF k, where the À j value 
of another operating airline j 4 7 is zero for the same ODF. From complementary 
slackness, a positive A;, indicates that the airline i has allocated to the ODF k as 
many seats as it has demand. Allocating some part of this dual price to the operating 
airline j may lead to an increase in the number of seats allocated to this ODF by the 
airline j so that more tickets for the ODF can be sold. Therefore, the mechanism 
transfers some amount from the fare allocation of the airline i on the ODF k to 
the fare allocation of the airline j on the same ODF. The amount to be transferred 
cannot exceed ;;, because if the fare allocation of the airline i on the ODF k is 
reduced by more than the dual price A;,, the value of Y;, will decrease. That is, 
other ODFs will be more profitable than the ODF k for the airline i, and the seats 
allocated by the airline į to the ODF k will decline, which contradicts with the goal 
of the transfer process. The ODFs, for which a transfer comes into question, and 
the amount of transfer are determined by using the dual prices of the capacity and 
demand constraints provided in (7.2) and (7.3), respectively. 

The mechanism examines all ODFs, where one operating airline has a positive 
Aix Value and the other one zero. Note that here only the case with two airlines is 
considered. In general, the mechanism considers all the ODFs k, where A;, > 0 for 
at least one operating airline i and Aj, = 0 again for at least one other operating 
airline j # i. The interline ODFs satisfying the above condition are regarded as 
potential ODFs for a dual price transfer. 

Next, we first present the optimal solutions of the DM,, DM> and DM; models 
in our example. Then, we show how the potential ODFs are detected. The optimal 
values of Yj, and A,, for each ODF k, which are obtained after solving the DM, 
model, are provided in Table 8.6. 

Similar to the airline 1, airline 2 solves the following DM), model that is obtained 
through applying the parameters given in Tables 8.3-8.5: 


DM, : max 0Y24g8 + 94.4Yo4c + 83.6Y24p + 100¥o—c + 79.5YoRp + OYocp 
subject to 
Yoap + Yosc + Yoap < 30 
Vac + Yaan + Yogc + Yig < 50 
Y24p + Y2gp + Yəcp < 30 
Y24g < 30 (8.10) 
Y24c < 20 (8.11) 
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Table 8.7 Optimal Y., and k AB AC AD BC BD CD 


Ax values Yx O 20 0 30 0 0 
Ax 0 108 0 1640 0 


Table 8.8 Optimal Y3, and A3, values 





k AB AC AD BC BD CD 
Y3x 0 0 0 0 0 30 
À3k 0 0 0 0 0 0 
Yoap <9 (8.12) 
Yoec < 30 (8.13) 
Yogp < 20 (8.14) 
Yocp < 30 (8.15) 


Y24B8, Y24c; Y24D, Y2Bc, Y2BD, Y2cp Z O 


Like in the case of the airline 1, 24 defines the dual price of the constraint related to 
the ODF k among the constraints given through (8.10)—(8.15) at the optimal solution 
of DM). Table 8.7 shows the results. 

Finally, the formulation of the DM; model for the airline 3, which is denoted by 
DMs, is as follows: 


DM3: max OY348 + OY¥34c + 77Y34p + O¥3Bc + 70.5Y3Bp + 90Y3cp 
subject to 
Y34B + Y34c + Y3ap < 30 
Y34c + ¥34p + Y3ac + Y3ep < 50 
Y34p + Y3ap + Y3cp < 30 
Y34g < 30 
Y3ac < 20 
Y3ap <9 
Y3gc < 30 
Y38p < 20 
Y3cp < 30 
Y34B, Y3ac,Y3ap, Y3sc, Y3ep, Y3acp = 0 


The optimal values of Y3, and A3; for each ODF k are demonstrated in Table 8.8. 
After solving the optimization models, the airlines share the information related to 
the A; values. The optimal solutions of DM,, DM) and DM; for our example 
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Table 8.9 Summary of the results 





k AB AC AD BC BD CD 
Mik 0 0 0 = = = 
À2k = 10.8 0 16.4 0 = 
À3k - = 0 = 0 0 


Table 8.10 The values of 1; in 
the optimal solution of DM, 


I AB BC CD 
Bu 70 0 


are summarized in Table 8.9. Since the mechanism evaluates the dual prices of the 
demand constraints in the solutions of the operating airlines, the value of Aj;x is 
marked with a “-” symbol, if the airline 7 does not operate the ODF k. 

Note that during the transfer process, the dual prices 4;,; obtained at the beginning 
are used as given parameters, and they are not recomputed after a transfer for an 
ODF is executed. The models are solved for a second time only after the process 
has been completed for all potential ODFs. 

As it can be seen from Table 8.9, AC is a potential ODF for a dual price transfer, 
because Aj 4c = 0 and Ax4c = 10.8. Observe from Tables 8.6 and 8.7 that the 
airline 1 did not allocate any seats to AC, whereas airline 2 allocated 20 seats. The 
aim of the revenue sharing mechanism is to increase the value of Yi 4c by increasing 
the fare allocation of the airline 1 on AC, 1.e., @14c x fac, so that the difference 
between Yi4c and Y24c will be smaller. This is achieved by transferring a portion 
of 24c from ozac X fac to iac X fac. 

In order to determine whether a dual price transfer will be performed for 
the potential flight AC and the amount of the transfer, we introduce 6i;, which 
represents the dual price of the capacity constraints given through (8.1)—(8.3) at 
the optimal solution of the DM; model. Note that the airline | operates the flight 
leg AB, which is required by the flight AC. Hence, the value of Yj 4c will increase, 
if the fare allocation of the airline 1 on AC at least exceeds the dual price of the 
flight leg AB, ie., B, zg. Therefore, the amount to be transferred to the airline 1 has 
to be at least more than 5, 4c, which is defined as: 


iac = Pigg ~ Aac X fac- 


Table 8.10 gives the values of 61; for each flight leg / at the optimal solution of 
DM,. 

Observe from Table 8.3 that the airline 1 currently receives a revenue of 65.6 from 
selling a flight ticket for AC, but the dual price of the capacity constraint belonging 
to the flight leg AB is 70. Therefore, the amount to be transferred to the airline 1 
has to exceed at least 5; 4c, which is equal to 70 — 65.6 = 4.4. 

Let MAXTR be the maximum amount beyond 6, 4c that can be transferred to 
airline 1, i.e., 
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MAXTR = daac — iac. (8.16) 


If the value of (8.16) is non-positive, no dual price transfer will be performed for 
the flight AC, because A2,4c is not sufficient to increase the value of Yj 4c. In our 
example, MAXTR = 10.8 — 4.4 = 6.4. However, it is still not clear, whether 
the process will be carried out. Additional requirements must be met, which are 
explained below. 

In our example, airline 1 operates the flight leg AB, which is used by the flight 
AC. Therefore, the value of Y;4c can be raised, if there exists at least one other 
ODF k’ using the flight leg AB with a positive Y,,’ value, which is going to be a 
less valuable product than AC for the airline 1 in case of a sufficient increase in 
aac X fac. Otherwise, there will not be any capacity free on the flight leg AB, 
which can be allocated to AC. Note that the flight AC becomes valuable for the 
airline 1, if the fare allocation of the airline 1 on AC is increased by more than 6, 4c. 
If the airline 1 receives from the flight AC an extra revenue of MAXTR beyond 
61 4c, then the flight AC is at an amount of MAX TR more valuable for the airline 
1 than before. To differentiate AC from the less valuable ODFs, we assume that the 
dual price value A, 4c, which is a parameter now, also increases accordingly. Hence, 
a flight k’ is less valuable than AC, if it satisfies: 


iw < MAXTR. (8.17) 


It is clear from Table 8.9 that A142 is zero and the capacity that is used by the flight 
AB will be released for AC, if 14c x fac is sufficiently increased. That is, airline 
1 will allocate more seats to AC and less seats to AB compared to the initial seat 
allocation (see Table 8.6), if the transfer amount exceeds 


diac + AaB. (8.18) 


If Azac is less than the necessary amount given in (8.18), no transfer will be 
performed, because it is not possible to raise Y| 4c. Otherwise, the total amount 
to be transferred is formulated as follows: 


diac + Aap + y(MAXTR — 148) (8.19) 


The last term in (8.19) defines the amount of transfer beyond the necessary level 
5:4c +A, 4p. In order to avoid large modifications in the fare allocations, we choose 
y = 0.05. Recall that the value of MAX TR was 6.4 for our example. As a result, 
the amount to be transferred to the airline 1 is computed as 4.4+0+0.05 (6.4—0) = 
4.72. Hence, the modified fare allocations of the airline 1 and 2 are found as follows: 


Q14c X fac = 65.6 + 4.72 = 70.32 (8.20) 
AAC X fac = 94.4 — 4.72 = 89.68. (8.21) 


Thus, the distribution of fares between the two airlines changes in comparison to 
the initial allocations, but the total fare does not change as a result of the transfer 
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Table 8.11 Optimal Y;; and de AB AC AD BC BD CD 
Yx values after the dual price —— 
Yą 10 20 0 0 0 0 


transfer 
Yok 0 20 0 30 0 0 





Table 8.12 Alliance revenue and fairness values 





Ri Ro R3 SR FM (Ri) 
Loc. Val. 2,100 3,000 2,700 7,800 0.43 
Loc. Val. + DPT 2106.4 4793.6 2,700 9,600 0.83 


mechanism. Table 8.9 reveals no other ODF, for which a dual price transfer would 
be favorable. Therefore, the process is terminated and the airlines 1 and 2 solve 
the models DM; with the new fare allocations for the flight AC given in (8.20) 
and (8.21). Table 8.11 shows the values of Yj, and Y2, for each ODF k in the new 
optimal solution. A comparison of these values with the ones presented in Tables 8.6 
and 8.7 shows that the value of Y, 4c has increased from 0 to 20, whereas the value 
of Yı 4g has decreased from 30 to 10. 

After modifying the fare allocations and solving the DM; models for a second 
time, we simulate the booking process of the alliance, as it has been presented in 
Sect. 7.2.2. Table 8.12 provides a comparison of the alliance revenue and the fairness 
values obtained through the local value heuristic and the proposed revenue sharing 
mechanism for our example. The new mechanism is referred to as the local value 
heuristic with dual price transfer (Loc. Val. + DPT). Recall the definitions of SR and 
FM (R;) from the previous chapter. They represent the selfish revenue of the alliance 
and the value of the fairness measure respectively. It is known that the nucleolus 
of the example corresponds to the allocation m = (2,500, 4,600, 2,500) with a 
total centralized alliance revenue of 9,600. Moreover, v; = 1,400, v2 = 2,000, 
v3 = 1,800. The first result to be noticed is that the selfish revenue of the whole 
alliance, which is realized through the new mechanism, is equal to the centralized 
alliance revenue. The total revenue resulted from the local value heuristic, on the 
other hand, is less than this amount. Furthermore, the mechanism results in more 
fair allocations than the local value heuristic. The fairness value increases from 0.43 
to 0.83 with the integration of the dual price transfer process. 


8.1.2. General Process for Flights Involving Two Airlines 


In the previous section, we have shown the principle of the proposed revenue 
sharing mechanism on an example. The Algorithm | presented below generalizes 
the process for ODFs operated by two airlines. 

In Step 0, the algorithm finds the ODFs operated by two airlines, which show a 
potential for a dual price transfer. It is assumed that airlines 7, andi, are involved in 
the flight and the transfer will be performed from the airline i, to the airline i,. The 
potential ODFs are put in the set 7/2. Clearly, if no such ODF is found, the algorithm 
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Algorithm 1 Dual Price Transfer for ODFs Operated by Two Airlines 


141 





Step 0: 
for each ODF k do 
if ODF k is operated by any two airlines i, and i, with A;,, = 0 and A;,, > 0 then 
k > H2 
end if 
end for 
if H2 = Ø then 
STOP. 
end if 


Sort elements of H in non-decreasing order of A;,,. Index them such that Hy = {k1,. .. , km }- 


for k € H2 do 
Calculate 6; ; 
if ô; x > 0 then 
k > H} 
else if 4;,, = 0 then 
k> H? 
end if 
end for 
Set n = 0 and y = 0.05. Initialize W’. 
Step 1: Setn =n + 1. 
while n < h do 
Step 2: Consider ODF k, in set H2. Calculate MAXTR. 
Step 3: 
for each ODF k ¢ W’ do 


if Aj. < MAXTR && k uses a flight leg traveled by ODF k,,, operated by airline i, && 


Y;,k > 0 then 
k =k’ adk’ >G 
end if 
end for 
if G = Ø then 
Go to Step 1. 
end if 


Sort elements of G in non-decreasing order of À; w . Index them such that G = {k{,..., ki}. 


if k{ € W or Hå then 
Go to Step 1. 

end if 

ki > Ww. 

Step 4: 

for each k’ € G do 
if k’ € W or H$ then 

k >g 

end if 

end for 

if G Æ Ø then 


Sort elements of G in non-decreasing order of A;,,’. Index them such that G= {ky pas as. ke 


Set MAXTR = Àit Empty G and G. 
end if 
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Step 5: Transfer 5;,4,, + Ai, + y(MAXTR — Ài ki) fTOM Qisk, X fkn tO Qiska X fin- 
Increase Aj, by Ain, + y(MAXTR — Aj,4/) 
Decrease Aik, by Ôirkn + Ain, + YUMAXTR — 2j,4/) 

end while 

STOP 





is terminated, because no improvements can be achieved. Otherwise, for each ODF 
k in the set H2, the value of 6;,, is calculated, which is necessary to determine the 
minimum amount to be transferred. The general definition of 5;,, is given as follows: 


5k = >> Bit — ik X fi (8.22) 


1eT, 


Intuitively, 5;,, corresponds to the difference between the total value of the flight 
legs traveled by the ODF k for the airline i, and the revenue that the airline i, 
receives from selling one ticket for the ODF k. A strictly positive 4;,, indicates 
that Y; is definitely zero. If ô; x is zero, on the other hand, Y;,, may be equal to 
a positive number or zero. According to the value of 6;,;, the ODFs are divided 
into two sets: Hi and H. This differentiation becomes useful in Steps 3 and 4. In 
those steps of the algorithm, the ODFs are detected, for which the number of seats 
reserved by the airline 7, is going to decrease as a result of the dual price transfer. 
The mechanism does not allow a reduction in the number of seats allocated to an 
ODF belonging to the set H3, because such ODFs indicate potential for a dual price 
transfer and at the same time the number of seats allocated to them may already be 
positive for both of the airlines. Therefore, some restrictions are put in Steps 3 and 4 
to prevent a decline in the values of Y;,, for the ODFs in the set Hz: 

The algorithm investigates the ODFs in H2 successively and the parameter n 
shows the position of the currently analyzed ODF in the set. The initialization of 
n and the parameter y, which has been introduced in the previous section, is also 
made in Step 0. 

At each execution of Step 1, n is incremented by one. Then, Step 2 examines the 
dual price transfer on the ODF k,,, which corresponds to the ODF at the position n. 
The maximum amount of transfer beyond 4;,;,,, denoted by MAX TR, is calculated 
in this step. The general formulation of MAXTR for the ODFs involving two 
airlines is provided below: 


MAXTR = Ji,k, — i,k,- (8.23) 


Step 3 finds the ODFs, whose number of seat allocations Y;,, would decrease in case 
of an increase in the fare allocation of the airline i, on the ODF k,,. Recall that such 
an ODF must use at least one flight leg / operated by the airline i,, which constitutes 
a part of the ODF k,,, and have a positive Y;,; value so that capacity will be released 
for the ODF k,, after the transfer. Additionally, it should satisfy: A;,4.< MAXTR 
(see (8.17)). The ODFs fulfilling these conditions are denoted by k’ and put in 
the set G. If no such ODFs can be found, no transfer is carried out on the ODF 
k, and the algorithm returns to Step 1. Otherwise, the elements in G are sorted in 
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non-decreasing order of A;,,/. Thus, the ODF ki is the first, whose number of seat 
allocations is going to decrease after the dual price transfer. Let the set W include 
the ODFs on which a dual transfer price has already been performed. A decrease in 
the seat allocations of the ODFs in W must also be prohibited, because otherwise it 
does not make sense to do the transfer. Therefore, if the ODF ki belongs to the set 
7G or W, no transfer is executed and the algorithm continues with the next ODF 
(if any) in the set 7. If ki is not included in H or W, it is selected as an ODF, 
which is going to make capacity free for the ODF k, after the transfer. Note that the 
mechanism allows a reduction in the seat allocations of an ODF k’ only one time. 
For his reason, k; is put in the set W’, which contains all the ķ{ selected so far in 
the process, and cannot be considered in the remaining parts of the algorithm again. 

Step 4 prevents the conflicts arising between the potential ODFs. Consider an 
alliance composed of three airlines operating the flight network presented in Fig. 8.1. 
Suppose that a dual price transfer has already been performed for the flight AC, 
where a part of the fare allocation of the airline 2 has been transferred to the airline 
1. Furthermore, the flight BD, which is operated by the airlines 2 and 3, is also a 
potential flight for dual price transfer. Assume that BD is quite profitable for the 
airline 3 and a dual price transfer from the airline 3 to the airline 2 can raise also 
Y2gp. The algorithm finds that d2g3p = 0 and MAXTR = 20 for the flight BD, and 
the value of Y24p with A24p = 0 will decrease as a result of an increase in the fare 
allocation of the airline 2 on BD. Hence, the transfer amount from the airline 3 to 
the airline 2 would be 0 + 0.05(20 — 0) = 1. Suppose that A24c = 0.5. That is, if 
the allocation of the airline 2 on BD is increased by one, then the fight BD will be a 
better choice for the airline 2 than AC. However, AC is a flight, on which a transfer 
has already been performed to increase 41 4c. Therefore, it does not make any sense 
that Y24c declines. In order to avoid such conflicts, MAX TR for the flight BD is 
restricted to Ax4c = 0.5. In general, Step 4 puts the elements other than the ki, 
which are included in W or 2, in the set G and sort them in nondecreasing order 
of dual prices, Aik, Then, it sets the value of MAXTR to the first element of G, 
which is A; —, to prohibit a reduction in Y;,x of any k’ in G. 

Step 5 executes the transfer. The transfer amount for the numerical example 
presented in the previous section was given in (8.19). The general formulation of 
it is provided as follows: 


Ôik, + Ài,ki + y(MAXTR— Niki) (8.24) 


Hence, the amount given in (8.24) is transferred from a,x, X fk, tO Oi,k, X fkn 
After the transfer, the ODF k, becomes more valuable for the airline i, and less 
valuable for the airline iş. This should be reflected in the process, because the 
algorithm has to assess the values of the ODFs for the airlines at each execution 
of the Step 3, whenever a dual price transfer for an ODF k, comes into question. 
As it has been mentioned before, the algorithm uses the dual prices obtained at the 
beginning as given parameters. Therefore, the dual price 1;,;,, is modified by adding 
Ài, x; +y(MAXTR —À;, x’). The parameter 6;,k, 18 excluded by this additional term, 
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Table 8.13 Fares of the k AB AC AD BC BD CD 
flights (Case 1) fe 70 160 250 100 150 90 








Table 8.14 Initial capacities l 
of the airlines on the flight Ci 3} BC CD 
legs (Case1) 
i=l 30 0 0 
i=2 0 50 0 
i=3 0 0 50 
Table 8.15 Fare allocations k 


based on the local value 


heuristic (Case 1) eI a ae XFAR AC AD BC BD CD 


1 70 65.6 675 0 0 0 
2 0 944 95 100 79.5 0 
3 0 0 875 O 70.5 90 


ll 


ll 


i 
i 
i 





because the ODF k, becomes valuable for the airline i, only for the transfer amounts 
beyond 6;,x,,. Similarly, the amount 6;,,, +Aj,47 + y(MAXTR — 4,,;7) is subtracted 
from A;,x,. The process is terminated after all the ODFs in 7/2 are investigated. 


8.2 The Mechanism on Flights Operated by Three Airlines 


In the previous section we have clarified how the dual price transfer is carried 
out for interline flights operated by two airlines. In this section, we investigate the 
transfer process and the determination of the transfer amounts for flights operated by 
three airlines. We differentiate between two cases. In the first case, one of the three 
operating airlines has a zero A;; value for the considered ODF k and the others have 
positive A;, value. In the second case, the value of A;, for the analyzed ODF k is 
zero for two operating airlines, whereas it is positive for the other operating airline. 
The first case is examined in Sect. 8.2.1 by means of a numerical example. Another 
example is constructed to analyze the second case in Sect. 8.2.2. 


8.2.1 An Illustration by Means of an Example: Case 1 


Consider an alliance, which has the same network structure and offers the same 
products as the alliance presented in the previous section. The fares of the flights 
are shown in Table 8.13. Moreover, Table 8.14 contains the initial capacities of the 
airlines on corresponding flight legs. The expected demand values for the ODFs 
arriving to each airline are the same as they were given in Table 8.5 of Sect. 8.1.1. 
Using the formula (7.6), the revenue shares based on the local value heuristic are 
calculated, which give rise to the fare allocations that are shown in Table 8.15. 
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Table 8.16 Optimal values of Y;, and A;x (Case 1) 





k Yık Yo Yz Aik Nok À3k 
AB 30 0 0 0 — — 
AC 0 11 0 0 0 — 
AD 0 9 9 0 0.6 17 
BC 0 30 0 — 5.6 — 
BD 0 0 11 — 0 0 
CD 0 0 30 — — 19.5 


Table 8.17 61; in the optimal solution of 





DM, (Case 1) 
I AB BC CD 
Bu 70 0 0 





Then, each airline i builds and solves the DM; model to obtain the Y;, and 
Aix values. Note that in this section, we do not provide the open formulations of 
these models, but we present their optimal solutions in Table 8.16 for each airline. 
Recall that A;, is marked with a “-” symbol, if the airline i does not operate the 
ODF k. An investigation of the tabulated values reveals that the flight AD, which is 
operated by all the three airlines is a potential ODF for a dual price transfer, because 
AAD = 0 and À2AD, A3AD > 0. 

In this case, the dual price that can be transferred to the airline 1 is equal to the 
sum of Az4p and A34p. During the transfer process, a portion of this amount will be 
subtracted from the fare allocations of the airlines 2 and 3 on AD and added to the 
fare allocation of the airline 1 on AD. In order to determine, whether the dual price 
transfer will be performed and what the transfer amount will be, the airline 1 shares 
the values of 6); for each flight leg / (see Table 8.17). 

Like in the previous section, we first find 5614p, which is calculated through the 
following formula: 


ôĉiap = ias — ap X fav (8.25) 


According to (8.25), the value of 6, 4p is found as 70 — 67.5 = 2.5. The maximum 
amount that can be transferred to the airline 1 beyond 6, 4p, MAX TR, is defined as: 


MAXTR = dAzap + A34d — S1aD 


Hence, MAX TR takes the value of 0.6+17—2.5 = 15.1. In the next step, the ODFs 
k’ are detected, whose Y\, values are going to be reduced in case of an increase in 
4p X fap. It can be seen from Table 8.16 that the airline 1 currently has allocated 
30 seats to the flight AB and A, 4, = 0. Thus, we can conclude that if aj4p x fap 
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Table 8.18 Optimal Vix, Yox k AB AC AD BC BD CD 

and Y3, values after the dual —— a a E a 

price transfer (Case 1) ? z i : h o : 
2k 

V3 0 0 9 0 11 30 





Table 8.19 Alliance revenue and fairness values: case 1 


R R R3 SR FM (R;) 
Loc. Val. 2,100 4510.5 4,039.5 10,650 0.67 
Loc. Val. + DPT 2106.8 4728.5 4234.7 11,070 0.67 





is raised by more than 2.5, the flight AD will be a better choice than the flight AB 
for the airline 1. Then, the amount to be transferred is defined as: 


diap + Atag + Y(MAXTR — Aj 48). (8.26) 
Substituting the corresponding values in (8.26), we obtain the transfer amount as: 
2.5 + 0 + 0.05 (15.1 — 0) = 3.255. (8.27) 


It is assumed that the amount given in (8.27) is subtracted from the fare allocations 
of the airlines 2 and 3 proportional to their A24p and A34p values. In this way, it is 
guaranteed that A; 4p and A24p are not reduced to zero. Accordingly, the modified 
fare allocations of the airlines for the flight AD are computed as follows: 


æiap X fap = 67.5 + 3.255 = 70.755 
dap X fap = 95 — (0.6/17.6) 3.255 = 94.890 
34p X fap = 87.5 — (17/17.6) 3.255 = 84.355. 


After the transfer, the three airlines solve their corresponding DM; models, which 
lead to the seat allocations given in Table 8.18. Observe that the decisions of the 
airlines 2 and 3 remain the same as they were at the beginning (see Table 8.16), but 
the decisions of the airline | have changed. The airline | allocates now 21 seats to 
AB and nine seats to AD, whereas all the 30 seats were allocated to AB previously. 

In the following, the performances of the proposed mechanism and the local 
value heuristic are compared for the above example. For this purpose, we first find 
the nucleolus of the problem, which is the allocation m = (2,360, 5,475, 3,235). 
Morevoer, the centralized alliance revenue is equal to 11,070 and vy = 1,400, 
v2 = 2,000, v3 = 1,800. Then, we simulate the booking process and obtain the 
selfish revenues. The results are given in Table 8.19. Accordingly, the revenue of 
the alliance is higher in the proposed mechanism than in the local value heuristic. 
Moreover, it coincides with the centralized revenue. The fairness values, however, 
do not show a significant difference. 
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Table 8.20 Fares of the AC AD BC BD CD 
flights (Case 2) F 140 250 100 150 90 
Table 8.21 Fare allocations k 
based on the local value 
heuristic (Case 2) ik X fk AB av BC BO ch 
i=1 70 67.5 0 0 0 
i=2 95 100 79.5 0 
i=3 87.5 0 70.5 90 
Table 8.22 Optimal values of Y;, and A;, (Case 2) 
k Yik Yok Ysk Ak À2k À3k 
AB 30 0 0 0 — — 
AC 0 11 0 0 0 - 
AD 0 9 0 0 12.4 0 
BC 0 30 0 - 17.4 - 
BD 0 0 0 - 0 0 
CD 0 0 30 - - 0 
Table 8.23 ,; in the l AB BC CD 
optimal solution of DM, B 70 0 0 
(Case 2) u 
Bo 0 0 90 


8.2.2 An Illustration by Means of an Example: Case 2 


We again consider an alliance with three partners operating the network presented 
in Fig. 8.1. The alliance offers the flights AB, AC, AD, BC, BD, CD at fares, which 
are shown in Table 8.20. Moreover, Table 8.21 includes the fare allocations for each 
airline į and ODF k, which are resulted from the local value heuristic. The initial 
capacities of the airlines on the flight legs and the expected demand coming to each 
airline for the ODFs are the same as they were presented in Tables 8.4 and 8.5, 
respectively. 

Table 8.22 shows the optimal values of the decision variables obtained through 
solving DM,, DM) and DM; with the parameters given above. Like in the previous 
cases, the value of A;, is marked with a “-” symbol, if the airline i does not operate 
the ODF k. Thus, AD is the only ODF for which a dual price transfer comes into 
question, because 414p = A34p = 0 and å24p > O. In this case, if it is possible, 
a part of the dual price A24p is going to be transferred to the fare allocations of 
the airlines 1 and 3 on AD. Therefore, the airlines 1 and 3 announce fı; and 637, 
respectively, for each flight leg /. These values are given in Table 8.23. 

In this case, we must compute the necessary transfer amounts for the airlines 1 
and 3 separately. The part of the flight AD operated by the airline | is the flight leg 
AB, whereas it is the flight leg CD operated by the airline 3. Let 5, 4p define the 
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difference between the dual price of the capacity constraint belonging to the flight 
leg AB in the optimal solution of DM, and the fare allocation of the airline 1 on the 
flight AD. Similarly, 534 represents the difference between the dual price of the 
capacity constraint belonging to the flight leg CD in the optimal solution of DM3 
and the fare allocation of the airline 3 on the flight AD. The formulation of them are 
given as follows: 

Siap = Byae — ad X fad 

d34D = Pcp — %3ap X fap. 


A a result, ô&i4p = 70 — 67.5 = 2.5 and 634p = 90 — 87.5 = 2.5. The maximum 
amount that can be transferred to the airlines 1 and 3 beyond 6; 4p and 4634p, which 
is denoted by MAXTR, is defined as: 


MAXTR = 224p — (Sap + 834p). 


Hence, MAXTR = 12.4 — (2.5 + 2.5) = 7.4. Since in this case there are two 
airlines, whose fare allocations are going to be increased, we find ODFs k’ for the 
airlines 1 and 3 separately. Let these be k" and k’, respectively, which satisfy: 


ign < 0.5 MAXTR and Ay, < 0.5 MAXTR. (8.28) 


In (8.28) we divide MAXTR equally between the airlines and assume that 
maximum a half of the MAXTR is transferred to each airline beyond 6,4) or 
634p. An analysis of Table 8.22 implies that Y;4g is going to be reduced, if the 
airline 1 earns more from the flight AD than the flight AB. Moreover, Y3cp will 
also decrease, if the airline 3 receives more from the flight AD than the flight CD. 
Note that A148 = A3cp = 0. Then, the amounts that will be transferred to the 
airline 1 and 3 are given in (8.29) and (8.30), respectively: 


b1ap + Arap + Y(MAXTR — Ay az — Azad) (8.29) 
634D + Ascp + yY(MAXTR — Ay ap — Asap). (8.30) 
Hence, the following amount will be transferred to each of the airlines 1 and 2: 
2.5 + 0 + 0.05 (7.4 — 0 — 0) = 2.87. 
The new fare allocations after the dual price transfer are given as follows: 


Map X fap = 67.5 + 2.87 = 70.37 
Q34D X fap = 87.5 + 2.87 = 90.37 
œz4p X fap = 95 — (2.87 + 2.87) = 89.26. 
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Table 8.24 Optimal Yix, Yox k AB AC AD BC BD CD 
and Y3, values after the dual ea RA ae a E 
price transfer (Case 2) - n i : k ; : 
2k 
Ysk 0 0 9 0 0 21 





Table 8.25 Alliance revenue and fairness values (Case 2) 


R Ry R; SR FM (R;) 
Loc. Val. 2,100 3,000 2,700 7,800 0.43 
Loc. Val. + DPT 2103.33 3803.34 2703.33 8,610 0.71 





Finally, the airlines solve their DM; models with the modified fare allocations and 
obtain the new Yj; values, which are shown in Table 8.24. Accordingly, the decisions 
of the airline 2 remain the same as they were at the beginning (see Table 8.16), but 
the decisions of the other airlines have changed. The airlines 1 and 3 now allocate 
additional nine seats to the interline flight AD. As a result of this increase, both of 
the airlines allocate less number of seats to the intraline flights AB and CD. 

In this example, the centralized revenue of the alliance is 9,380 and the nucleolus- 
based revenue allocation m = (2193.33, 4593.34, 2593.33). The selfish revenues 
resulted from the local value heuristic and the proposed mechanism are presented 
in Table 8.25. It turns out that the combination with the dual price transfer has 
improved the alliance revenue as compared to the local value heuristic. Moreover, 
the fairness of the resulting allocations has increased from 0.43 to 0.71. Different 
from the observations made in the previous examples, in this one, the centralized 
revenue is still higher than the revenue obtained through the Loc. Val. + DPT 
heuristic. 


8.2.3. General Process for Flights Involving Three Airlines: 
Case 1 


This section generalizes the course of the proposed mechanism for ODFs operated 
by three airlines, which fall into the category “Case 1” presented in Sect. 8.2.1. The 
implementation of the dual price transfer is described in Algorithm 2 presented next. 

Step 0 of the algorithm looks for ODFs operated by three airlines i,, i, and i,, 
where À; k = 0, Aix > O and Aj,4 > 0. The found ODFs are put in the set H}. If no 
such ODF is observed, the algorithm is terminated. Otherwise, like in the case with 
two airlines, the value of 6;,, is calculated for each ODF k in the set H}. Note that 
the formula for ;,, given in (8.22) is also used in this case. Due to the same reasons 
discussed in Sect. 8.1.2, the ODFs in H} are separated in two sets: HY and H!, 
depending on the value of 4;, x. 
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Algorithm 2 Dual Price Transfer for ODFs Operated by Three Airlines: Case 1 

Step 0: 
for each ODF k do 

if ODF k is operated by any three airlines i,, i; and i, with A;,, = 0, Aj,4 > O and A; > 0 
then 

k —> Hh 

end if 
end for 
if H} = Ø then 

STOP. 
end if 
Sort elements of Hh in non-decreasing order of A;,, + Ai,x. Index them such that Hh = 
{ky,... ski: 
for k € H! do 

Calculate ;, x 





if 6;,, > 0 then 
k —> H3' 
else if 5;,, = 0 then 
k > H3% 
end if 
end for 
Set n = 0 and y = 0.05. Initialize W”. 
Step 1: Setn =n + 1. 
while n < h! do 
Step 2: Consider ODF kn in set H}. Calculate MAXTR. 
Step 3: 
for each ODF k ¢ W’ do 
if A; < MAXTR && k uses a flight leg traveled by ODF k,,, operated by airline i, && 
Y; , > 0 then 
k =k’ andk’ >G 
end if 
if G = Ø then 
Go to Step 1. 
end if 
Sort elements of G in non-decreasing order of À;,x . Index them such that G = {ki wanes ky. 
ifk; € FBD then 
Go to Step 1. 
end if 
end for 
ki > W’. 
Step 4: 
for each k’ € G do 
if k’ € W or H3 or H3 or H}? then 
k >g 
end if 
end for 
if G Æ Ø then 
Sort elements of G in non-decreasing order of A;,47. Index them such that G= {ky sents ke}. 
Set MAXTR =), 
end if 
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Step 5: 

Transfer Aish, /(Aiskn + Aickn) Sickn + Aik + Y(MAXTR — Ài,ki)) fEOM Qiska X iy tO Oi, ky X 
len 
Transfer A jk /(Aigkn + Aickn) (Sirkn + Ain, FY (MAX TR — Aj, 4) from Oigky X fen tO Oi, key X 
Srn- 

Increase A;,x,, by Aiki +y(MAXTR— Aiki) 

Decrease Àiskn by Nigky | Aiskn oT Nicky) Sir kn Nik, y(MAXTR — Aiki) 

Decrease Aik, DY Aicky /Aigky + Aicky (Sipkn + Ain + YOMAXTR — ài, )) 
end while 
STOP 



































The value of n is incremented by one in Step 1. Step 2 investigates the dual price 
transfer on the ODF k, in Hi: Recall that the dual prices are the outputs of the 
DM; models solved before the transfer process starts and they are used as given 
parameters in the transfer process. The value of MAXTR is calculated in Step 2 
using the following formulation: 


MAXTR = Nicky + Nicky = Ôi kn- (8.31) 


The difference of the definition given in (8.31) from the one introduced in (8.23) is 
the dual price that can be transferred, which corresponds in this case to the sum of 
Aika and Nicky 

Step 3 and 4 work in the same way as they do in Sect. 8.2.1. The only difference 
is that we define two additional sets, which need to be paid attention to. The first 
one is the set H!2, which is introduced above. The second one is the set FG, which 
includes the ODFs operated by three airlines i,, i; and i,, where the seat allocation 
decisions of the three airlines coincide and equal to the total demand of the ODF 
k, i.e., Aik > 0, Aik > O and A; > 0. During the process, the mechanism does 
not permit a decrease in the seat allocations of the ODFs in FG: The set FBD is the 
union of these forbidden sets H2, H22, He and W. 

Step 5 performs the dual price transfer. The general formulation for the transfer 
amount is the same as the ODFs operated by two airlines and it is given below: 


Si-kn + Aine + Y(MAXTR — 1,41) (8.32) 


Hence, the amount given in (8.32) is transferred from a,x, x fx, and Qiskn X frn 
tO Oik, < Sky. AS it has been explained in Sect. 8.1.2, these amount is deducted 
from the fare allocations of the airlines proportional to the values of À;,k, and Ài kn- 
Therefore, the amount that will be transferred from the airline i, to the airline i, 
will be: 


Kiskn | Aigky F Aisku) (iku + Ai, + Y(MAXTR — dj,41)). (8.33) 


Likewise, the amount that will be transferred from the airline i, to the airline i, 
will be: 
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Hick [igh + Aicky) Sick» + Aizay + Y(MAXTR — i, 44). (8.34) 


In order to reflect the changes in the values of the ODFs, the amount transferred to 
the airline i, beyond 6;,;,,, i.e. 


Ai, + ¥O.MAXTR — À; xt), (8.35) 


is added to A;,x,,. Moreover, the values of (8.33) and (8.34) are subtracted from À; k, 
and Aj,x,, respectively. 


8.2.4 General Process for Flights Involving Three Airlines: 
Case 2 


This section presents the general algorithm for ODFs of type “Case 2” described in 
Sect. 8.2.2. The description of the process is provided in Algorithm 3 on pages 116 
and 117. 

Step 0 finds the ODFs operated by three airlines i,, iş and i, where 
Aik = Aig = 0 and À; > 0. Set H contains the potential ODFs. If H? is empty, 
the algorithm is terminated. 

Step 1 sets n = n + 1. Step 2 considers the dual price transfer for the ODF k, in 
H3, MAXTR defines the maximum amount that can be transferred to the airlines i, 
and i, beyond 6;,; and 4;,;. Hence, it is calculated using the following formula: 


MAXTR= Vicky — (Ôi k, + Ôiskn )- 


The value of MAXTR is distributed equally among the two airlines receiving the 
transfer. Since this maximum amount may change during the following steps of the 
process, the parameters MAXTR, and MAXTR, are introduced for the airlines 
i, and is, respectively. The principal function of Step 3 is the same as it has been 
explained in Sect. 8.2.3. However, in this case, two sets are constructed for the ODFs 
k’. The set G, includes the ODFs k’, for which the Y;,,/ is going to decrease, if the 
fare allocation of the airline i, on the ODF k, is increased. In a similar manner, 
the set Gs contains the ODFs k’, where Y; x’ is going to decrease, if the airline iş 
receives more from the ODF k,. If at least one of these sets is empty, the algorithm 
stops the transfer process for the ODF k, and continues with Step 1. Otherwise, 
the elements in the sets G, and G, are sorted, respectively, according to their À;„k’ 
and À; x values. The first element of G, is denoted with kf”, whereas kf" is the first 
element of G,. If either one of ky or k?” belongs to the set FBD, no transfer will be 
performed and the algorithm returns to Step 1. 

Step 4 limits the value of MAXTR, and MAXTR, in order not to cause a 
reduction in the seat allocations of an ODF in the set FBD. Like in the previous 
cases, the elements other than the ky and ks are stored in G, and G,, respectively. 
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Algorithm 3 Dual Price Transfer for ODFs Operated by Three Airlines: Case 2 
Step 0: 
for each ODF k do 
if ODF k is operated by any three airlines i,, i, and i, with A;,, = 0, Aix = 0 and À; > 0 
then 
k > Hy 
end if 
end for 
if H = Ø then 
STOP. 
end if 
Sort elements of Hy in non-decreasing order of A;,,. Index them such that H =A kieh ki- 
Set n = 0 and y = 0.05. 
Step 1: Setn = n + 1. Initialize W’. 
while n < h4 do 
Step 2: Consider ODF k, in HÈ. Calculate MAXTR. Set MAXTR, = MAXTR, = 
0.5 MAXTR. 
Step 3: 
for each ODF k ¢ W’ do 
if Ai,~ < MAXTR, && k uses a flight leg traveled by ODF ky, operated by airline i, && 
Y;,4 > 0 then 
k = k" and k" > G, 
end if 
if Ai, < MAXTR, && k uses a flight leg traveled by ODF k,,, operated by airline i; && 
Y; ų > 0 then 
k = k" and k” >G, 
end if 
if G, or Gs = Ø then 
Go to Step 1. 
end if 
Sort elements of G, in non-decreasing order of A;,4,. Index them such that G, = 
Litaa ke}. 
Sort elements of G, in non-decreasing order of À;,kx's. Index them such that Gs 
Lh cases ke}. 
if ki’ or ki’ € FBD then 
Go to Step 1. 
end if 
end for 
ki’ > W’ and kf > W”. 
Step 4: 
for each k” € G, do 
if k” € FBD then 
k" > G, 
end if 
end for 
for each k” € G, do 
if ks € FBD then 
k's > Gs 
end if 
end for 
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if G, ~ Ø then 


Sort k” in G, in non-decreasing order of Aj;,4. Index them G = {ki,... kp}. Set 
MAXTR, = Az 
end if 
if Gs Æ Ø then 
Sort k’ in G, in non-decreasing order of A;,4/. Index them G = {ki en kf}. Set 
MAXTR, = Aiz 
end if 
Step 5: 


Transfer (6;,4, + Ain + Y(MAXTR, — Aj, grr )) from 04,4, X fen tO inden X fin 
Transfer (bik, + Aiks + Y(MAXTR, — Ais )) FOM Qika X fly tO Qiska X Jin: 
Increase Ài k, DY Àir + y(MAXTR, — Àit ) 
Increase Àisk, DY Aiks + Y(MAXTRs — Aj") 
Decrease the total transfer amount from À; k, 

end while 

STOP 





No restriction is made to the value of MAXTR, or MAXTR,, if the corre- 
sponding set is empty. Otherwise, MAXTR, and MAXTR, are set to kj and ky, 
respectively. 

Step 5 executes the transfer. Accordingly, the following amount is transferred to 
the airline i,: 

5i,kn + Ainet + y(MAXTR, = Aiki). 
Similarly, the fare allocation of the airline i, on the ODF k,, is increased by: 
Sisk + Aigkis + y(MAXTR, = Aiks). 
The value that should be added to À;,„ķ„ is given below as: 
Aiki +y(MAXTR, — Aike). (8.36) 
In a similar manner, the following is added to À;,k,: 


Aixe + Y(MAXTR, — Ais). (8.37) 


Finally, the sum of (8.36) and (8.37) is deducted from À; k,- 


8.3 Computational Study 


In the previous chapter we have found out that the local value heuristic provides the 
fairest allocations among the revenue sharing mechanisms that have been previously 
introduced in the literature. In the following, we compare the performances of the 
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Table 8.26 Comparison of 
the average fairness values 


Problem size Fairness Values 





for the first scenario Loc. Val. Loc. Val.+DPT 
IN| p NCI NC2 NCI NC2 
3 108 0.93 0.93 0.94 0.94 
4 144 0.88 0.80 0.88 0.81 
5 180 0.91 0.87 0.92 0.88 
10 360 - 0.88 — 0.89 
15 540 -= 0.87 — 0.88 





Fairness Value 








1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16 17 18 19 20 
Instance 


—— Loc. Val. x- Loc. Val.+DPT 


Fig. 8.2 Comparison of the average fairness values for the first scenario (|N| = 15, p = 540) 


mechanism proposed in this chapter and the local value heuristic. In the numerical 
study, we use the problem instances generated in Sect. 7.5. Recall that the proposed 
mechanism is referred to as the local value heuristic with dual price transfer (Loc. 
Val. + DPT). Table 8.26 shows the fairness values obtained by implementing the 
two heuristics with respect to the generated |N | and p combinations for the first 
scenario. The fairness values obtained through the proposed mechanism turn out 
to be higher. The improvement can be seen more clearly, when the instances are 
compared individually. It is worth noting that the proposed heuristic performs in 
almost all the 20 instances of each generated network better than the local value 
heuristic. For example, Fig. 8.2 presents the fairness values found in the instances 
having |N| = 15, p = 540 averaged over the generated customer sequences. In 
each of these instances, allocations resulting from the proposed mechanism are more 
fair than the ones resulting from the local value heuristic. Likewise, in none of the 
instances, where |N| = 10 and p = 360, does the local value heuristic provide more 
fair allocations than the proposed mechanism (see Fig. A.5 in the Appendix A.3). 
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Table 8.27 Comparison of 


Problem size Gap (%) 
the average percentage gaps 





for the first scenario IN| p Loc. Val. Loc. Val.+DPT 
3 108 3.24 2.45 
4 144 3.91 3.01 
5 180 4.82 3.95 
10 360 5.72 4.77 
15 540 5.06 4.10 





5,5 4 


Gap (%) 





3,5 4 








Instance 
—eLoc. Val. x- Loc. Valt+DPT 


Fig. 8.3. Comparison of the average percentage gaps for the first scenario (|N| = 15, p = 540) 


The percentage gaps between the centralized and selfish alliance revenue for the 
first scenario are shown in Table 8.27. We can say that the difference between the 
performance of the proposed heuristic and the local value heuristic is more obvious 
when the alliance revenues are considered. The average percentage gap obtained 
through the local val. ++ DPT heuristic is smaller than the ones obtained through 
the local value heuristic in all of the network configurations. On the average, if the 
local value heuristic + DPT is used, the gaps in the alliance revenue will reduce by 
20-25 % compared to the local value heuristic. 

Figure 8.3 depicts the average percentage gaps in the alliance revenue that are 
found in the generated alliance networks composed of |N| = 15 airlines and p = 
540 ODFs. In all of the instances, the proposed local value heuristic + DPT leads to 
smaller gaps in the alliance revenue. 

The fairness values for the second scenario are given in Table 8.28, which show 
a similar pattern to the one observed in the first scenario. In all of the network 
configurations, the proposed heuristic performs slightly better than the local value 
heuristic. The same conclusion will be made, when the Fig. A.6 in the Appendix A.3 
is examined. The small improvements in the fairness values can be explained with 
the example provided at the end of Sect. 7.4, which shows that the fairness of the 
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Table 8.28 Comparison of 


° Problem size Fairness values 
the average fairness values 














for the second scenario Loc. Val. Loc. Val. + DPT 
IN| p NCI NC2 NCI NC2 
3 108 0.89 0.84 0.90 0.85 
4 144 0.88 0.77 0.88 0.78 
5 180 0.89 0.86 0.90 0.87 
10 360 - 0.86 - 0.87 
15 540 - 0.88 - 0.88 
Table 8.29 Comparison of Problem sive Gap (%) 
the average percentage gaps 
for the second scenario IN| P Loc. Val. Loc. Val. + DPT 
3 108 4.57 4.00 
4 144 5.91 4.22 
5 180 4.98 4.21 
10 360 TAT 7.00 
15 540 5.29 5.01 


nucleolus-based revenue allocations are not attainable, unless the revenues of all the 
flights are shared among all the airlines. 

Table 8.29 compares the average percentage gaps between the maximum 
expected centralized revenue and the selfish revenue of the alliance for the second 
scenario. Like in the first scenario, the proposed local value + DPT heuristic results 
in smaller percentage gaps on the average than the local value heuristic for all the 
problem sizes. For example, for the instances where |N| = 4 the gap decreases 
from 5.91 to 4.22 %. If the revenues of the real alliance networks are considered, 
this improvement would be quite important for the alliance partners. The average 
gaps found in each instance are given in Fig. A.7 in Appendix A.3 for a more 
detailed analysis. 

Recall that the third scenario was generated to see whether the traveled distance 
heuristic (see Sect. 7.3) perform better when there is a relation between the distance 
traveled and the fares of the products. However, we do not expect any changes in the 
performance of the proposed mechanism in the third scenario. Moreover, the results 
turned out to be similar for the first two scenarios. Therefore, we do not further 
conduct a numerical analysis for the third scenario in this chapter. 
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Chapter 9 
Conclusions and Future Research 


This study deals with the revenue sharing problem arising in strategic alliances in 
the passenger airline industry. In a passenger airline alliance, partner airlines are 
allowed to sell tickets for flights including flight legs operated by different airlines. 
Therefore, efficient mechanisms have to be designed, which define how the revenue 
generated from selling a ticket should be divided among the airlines in a fair way. 
Despite its various advantages, airlines may leave the alliance if they realize that it 
is not better than operating alone or with other partners. Thus, a fair allocation of 
the revenue is critical for the long-term stability of the alliance. 

We started by providing the theoretical basis of revenue management and 
capacity control approaches developed for problems including a single airline 
in Chap.2. Since this study concentrates on alliance networks including multi- 
leg flights, a major part of the chapter reviews the mathematical programming 
approaches developed for network revenue management problems. The DLP model, 
which is modified and used several times in this study, has been introduced. As it was 
presented in Chap. 2, previous studies demonstrate supporting results for using DLP 
model in network problems. The use of it was also promising for our study, since 
it enables a fast computation of the alliance revenue and the individual revenues of 
the airlines. 

In Chap. 3, we reviewed the research on strategic passenger airline alliances. 
Initially, a general introduction to strategic alliances was given and the history 
of alliance formation in the passenger airline industry was presented. Then, a 
literature review was provided that consists of three parts: the first one includes 
studies analyzing the economical effects of passenger airline alliances. The second 
part surveys qualitative and quantitative works on the capacity management and 
revenue sharing problems in passenger airline alliances. The last part analyzes 
research considering the revenue sharing problem faced by strategic alliances in 
other industries. 

In Chap. 4, we introduced cooperative game theory, the main tool used in this 
study, and its solution concepts for allocating the cost or payoff of a cooperation 
among its partners. We discussed the major properties of cooperative games, which 
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have been later investigated for our problem. The choice of an allocation method 
depends on the properties that the resulting payoff allocations should have. We 
discussed the most common ones of these properties and gave special emphasis 
to efficiency and rationality conditions, which lead to stable cooperations. Since 
we developed nucleolus-based revenue shares, which guarantee the stability of 
an alliance, concepts related to the core and the nucleolus have been covered. 
The chapter includes a review on the applications of cooperative game theory to 
situations arising in various cost/payoff allocation problems. 

In Chaps. 5 and 6 we assumed a centralized revenue management system for the 
alliances and developed a revenue sharing mechanism based on a cooperative game 
theory approach. In Chap.5, we modeled the airline alliance revenue management 
game and investigated its properties. We have shown that the core of the game is 
non-empty such that the nucleolus always results in a stable allocation. To motivate 
our approach, we illustrated that simple revenue sharing rules do not always provide 
stable allocations such that there is a need for the solutions of cooperative game 
theory. 

Chapter 6 motivated the choice of nucleolus-based revenue shares for our 
problem and presented an algorithm for computing the nucleolus of the airline 
alliance revenue management game. The performance of the algorithm was tested 
in an extensive computational study. The observed solution times have shown that 
the revenue shares can be computed in a reasonable amount of time even for real- 
world sized alliance networks. Since the computations depend on a deterministic 
model, a simulation study was conducted in order to evaluate the performance of 
revenue shares when the customer arrivals are stochastic. The results show that the 
revenue shares can effectively be applied to passenger airline alliances. For a small 
set of instances, the booking process of the alliance was simulated by using a FCFS 
approach, where each airline controls the seat capacity individually. The revenue 
shares obtained at the end of the simulation were compared to the nucleolus-based 
revenue shares. 

Chapter 7 proposed a method to evaluate the fairness of revenue sharing mecha- 
nisms applied in a selfish setting and used it to compare several different approaches. 
Since the values of the products are not equal for each airline, depending on the 
applied mechanism, the decisions of the alliance partners usually do not coincide. 
The method includes a simulation model for the booking process of the alliance that 
allows the reallocation of the seats during the booking horizon. A fairness measure 
has been introduced to evaluate the fairness of the selfish revenues, which uses the 
nucleolus-based revenue allocations as a benchmark. Three heuristics are described 
for allocating the revenue obtained from a flight among the alliance partners. The 
heuristics are compared with each other and against a random approach on alliance 
networks having different number of partners. It turns out that allocating the revenue 
of a flight ticket proportional to the value of the intraline flights provides the fairest 
allocations among the mechanisms existing in the literature. 

In Chap. 8, we proposed a new revenue sharing mechanism, which combines 
the local value heuristic with a dual price transfer process. The idea behind the 
mechanism is to reduce the discrepancy between the selfish seat allocation decisions 
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of the airlines in the alliance. Numerical studies have shown that the proposed 
mechanism is promising, since it leads to improvements both in the total alliance 
revenue and in the fairness of the revenue shares as compared to the local value 
heuristic. It is worth noting that the difference between the two approaches is more 
significant, when the total alliance revenues are compared. The fairness values, on 
the other hand, are close to each other. However, the revenue allocations resulting 
from the proposed mechanism are more fair in many of the instances. 

This study assumes that the flight networks of the alliances and the products 
to be offered are given. However, the choice of on which parts of the networks 
to cooperate and the design of the products can be considered as other decision 
problems. The integration of these problems to the determination of the revenue 
shares constitutes a future research direction. Moreover, additional operating costs 
depending on the size of the alliances can be incorporated. Finally, the development 
of more sophisticated revenue sharing mechanisms that use more realistic models 
than the deterministic linear program can be addressed in a further study. 


Appendix A 


Computational Studies 


A.1 Approximate Nucleolus-Based Revenue Shares 
for Passenger Airline Alliances 





Table A.1 Values of fg and Luik E[D]] 
| wit E[Dx]] for the s ; : 
; k OD Fareclass fk i=l i=2 i=3 

numerical example 
1 AB 3 76 40 5 5 
2 2 126 28 3 3 
3 1 177 24 3 3 
4 AC 140 11 11 2 
5 2 170 11 11 2 
6 1 221 8 8 1 
7 AD 3 218 9 9 9 
8 2 280 10 10 10 
9 1 378 5 5 5 
10 BC 3 107 4 32 4 
11 2 154 3 30 
12 219 2 23 2 
13 BD 152 3 13 13 
14 2 202 3 13 13 
15 244 0 4 4 
16 CD 72 4 4 37 
17 2 118 4 4 32 
18 161 3 3 24 
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Table A.2 Values of C;; for 
the numerical example 


A Appendix: Computational Studies 








Ci AB BC CD 
i= 120 0 0 
i= 0 80 0 
i 0 0 120 
Table A.3 Distance values used in the numerical studies 
1 2 3 4 5 6 7 8 9 10 
Value 150 500 800 1,000 1200 1,500 2,000 2,250 2,500 3,000 
11 12 13 14 15 16 17 18 19 20 
Value 3,500 4,000 4,200 5,000 6,000 7,000 7,500 8,000 10,000 11,000 
Table A.4 Data for the simulation scenarios 
Available Capacity OD Fare Class3 Fare Class2 Fare Class1 
leg AB leg BC leg CD pair tk by bk by be Q by bk 
AB 50 70 80 40 120 130 30 170 180 
Scenario 1 Airline 1 180 0 0 AC 30 130 150 25 170 190 20 220 240 
Airline2 0 180 0 AD 30 200 220 25 270 290 20 370 390 
Airline3 0 0 180 BC 20 90 110 15 140 160 10 200 220 
BD 30 150 170 25 190 210 20 240 260 
CD 50 70 90 40 100 120 30 150 170 
AB 50 70 80 40 120 130 30 170 180 
Scenario 2 Airline 1 180 0 0 AC 30 130 150 25 170 190 20 220 240 
Airline2 0 210 0 AD 30 200 220 25 270 290 20 370 390 
Airline3 0 0 180 BC 40 90 110 30 140 160 20 200 220 
BD 30 150 170 25 190 210 20 240 260 
CD 50 70 90 40 100 120 30 150 170 
AB 75 70 80 50 120 130 40 240 260 
Scenario 3 Airline 1 250 0 0 AC 60 130 150 50 170 190 30 390 410 
Airline2 0 250 0 AD 60 200 220 50 270 290 30 450 470 
Airline3 0 0 250 BC 60 90 110 50 140 160 30 320 340 
BD 60 150 170 50 190 210 30 410 430 
CD 75 70 90 50 100 120 40 230 240 
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A.2 


Fairness Value 


Selfish Revenue Sharing Mechanisms for Airline 
Alliances 
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Fig. A.1 Average fairness values of the instances for the first scenario (|N| = 10, p = 360) 


Fairness Value 








0,95 
0,85 4 
a bey 
ped, en Sd A a +. 
p « a aa 5 A s, 
aieri Ani ; ie ee a z 
0,8 {4 keea” á * A A a a 
J ,@--@---@---@---9. a. tice 
0754 o s x N ae eee es 
`s F -B. __g-_2 2) --@-- = -me^ `~ - 
a. e- ~e-a--E-gs elie z- 
0,77 4 
0,65 t t + t t t t t t ł t t t t t t t t t 1 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 #19 20 
Instance 
-m-Random ---Tra. Dis. —-Loc. Val. a- Leg-Bas. Dem. 


Fig. A.2 Average fairness values of the instances for the first scenario (|N| = 15, p = 540) 
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Fig. A.3_ Average fairness values of the instances for the second scenario (|N| = 10, p = 360) 
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Fig. A.4 Average fairness values of the instances for the second scenario (|N| = 15, p = 540) 
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A.3 A Revenue Sharing Mechanism Based on the Transfer 
of Dual Prices 
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Fig. A.5 Comparison of the average fairness values for the first scenario (|N | = 10 and p = 360) 
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Fig. A.6 Comparison of the average fairness values for the second scenario (|N| = 10 and 
p = 360) 
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